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ABSTRACT: We construct the ghost number 9 three strings vertex for OSFT in the natural
normal ordering. We find two versions, one with a ghost insertion at z = ¢ and a twist-
conjugate one with insertion at z = —i. For this reason we call them midpoint vertices.
We show that the relevant Neumann matrices commute among themselves and with the
matrix G representing the operator Ki. We analyze the spectrum of the latter and find
that beside a continuous spectrum there is a (so far ignored) discrete one. We are able to
write spectral formulas for all the Neumann matrices involved and clarify the important
role of the integration contour over the continuous spectrum. We then pass to examine
the (ghost) wedge states. We compute the discrete and continuous eigenvalues of the
corresponding Neumann matrices and show that they satisfy the appropriate recursion
relations. Using these results we show that the formulas for our vertices correctly define
the star product in that, starting from the data of two ghost number 0 wedge states, they
allow us to reconstruct a ghost number 3 state which is the expected wedge state with the
ghost insertion at the midpoint, according to the star recursion relation.
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1 Introduction

Wedge states are associated to an integer n and are defined in the abstract by the x—
multiplication rule

[n) *|m) =|n+m—1) (1.1)

They may have different ‘embodiments’, [1, 2]. They are surface states and, as such, may
be realized as squeezed states in the oscillator formalism or as exponentials of the operator
Lo+ L';r) applied to the vacuum; other representations are also possible. Our purpose, in
the series of papers started with [3], is to find the correspondence between the different
realizations of the ghost part of the wedge states.
We recall that in [3] we were concerned with proving the equation

e_nT—2<£(()g)+£(()g)T> 0) = A, ecTSan 10) = |n) (1.2)
where |n) are the ghost wedge states in the oscillator formalism, which is a crucial ingredient
of the analytic solution of SFT found in [4] (see also [5-26] and [27] for an updating on
recent progress). It is known that the Lh.s. of this equation can also be written as a
squeezed state whose defining matrix is that of a surface state (with ghost insertion at
0 in the UHP). In [3] (also referred to henceforth as I) we dealt mostly with it from the
oscillator point of view. We showed that it can be cast into the midterm form in (1.2) and
we diagonalized the matrix .S, in a continuous basis of eigenvectors. Then we proved that,
if we are allowed to star-multiply the squeezed states representing the ghost wedge states
|n) the same way we do for the matter wedge states and diagonalize the corresponding
matrices, the eigenvalue we obtain satisfies the wedge states recursion relation. This was
based on the expectation that all the (twisted) Neumann matrices entering the game could
be diagonalized in the same basis (this is what happens for the matrices of the matter
sector). In the course of the continuation of this research we realized that the expectation
of I was a bit too optimistic and had to readjust our line of arguments. The main reason for
this is that the spectral theory of the Neumann matrices that characterize the ghost sector
of the three strings vertex and wedge states is significantly different from ordinary spectral
theory of real symmetric matrices, which are the basic example of Neumann matrices in
the matter sector. Once the eigenvalues and eigenvectors of the latter matrices are given,



their reconstruction via the spectral formula is unique. In the ghost case instead the
spectral formula is not uniquely determined but depends on the integration contour over
the continuous spectrum: this is one of the basic results of our analysis. It should be
clarified that such spectral formulas we obtain for the ghost Neumann matrices are not
derived on the basis of general theorems in operator theory, which to our best knowledge
do not exist in the literature, but on a heuristic basis. We thinks we have checked them
beyond any doubt both numerically and using consistency with other methods.

In this paper we introduce a three-strings vertex for the ghost part in order to be able
to explicitly perform the star product in (1.1), up to a midpoint ghost insertion. Moreover
we complete the spectral analysis of the ghost bases by computing the relevant discrete
bases of eigenvectors (which were missing in [3, 28]). Finally we show that the states in the
Lh.s. of (1.2) do satisfy the recursion relations for the wedge states (the r.h.s. ), although
not in the form expected in I. We show in fact that only the eigenvalues of the relevant
matrices satisfy the appropriate recursion relations. Based on this, we can reconstruct, in
the sense mentioned above, Neumann matrices which represent ghost number 3 states and
show that the latter are surface states with a midpoint insertion, representing, at gh=3, the
expected wedge states. So, it is true that in the ghost number 3 sector things work much
as in the matter sector. However the same is not true for the ghost number 0 sector. In
fact what remains to be done is reconstructing from the ghost number 3 the ghost number
0 wedge states we started from (eq. (1.2)). This would close the circle and fully justify our
claim about the consistency of our three strings ghost vertex and the correctness of (1.2).
This rather non-trivial task will be carried out in another paper [29], referred to as III.

Notation. Any infinite matrix we meet in this paper is either square short or long legged,
or lame. In this regard we will often use a compact notation: a subscript ; will represent
an integer label n running from 2 to oo, while a subscript ; will represent a label running
from —1 to +00. So Yy, Yy will denote square short and long legged matrices, respectively;
Y, Vs will denote short-long and long-short lame matrices, respectively. With the same
meaning we will say that a matrix is (Il), (ss), (sl) or (Is). The (ss) part of a matrix M
will be referred to as the bulk of M. In a similar way we will denote by Vs and V; a short
and long infinite vector, to which the above matrices naturally apply. Moreover, while n, m
represent generic matrix indices, at times we will use N, M to represent ‘long’ indices, i.e.
N, M > —1. In this case n, m will represent short indices, i.e. n,m > 2.

We will also use the symbol C to represent the twist matrix, Cp, p, = (=1)"6p, m. Given
any matrix M, we generically represent the twisted matrix CM by M. Finally we use the
symbol gh to denote the ghost number.

1.1 A summary of the results

Since the paper is rather long and elaborate we would like to start with an outline of it
and a summary of the main results.

To start with we first recall the basic anti-commutator for the b, ¢ ghost oscillators and
bpz transformation properties

[Cny bn]+ = On+m,05 bpz(cn) = —(—=1)"c_p, bpz(bn) = (=1)"b_p, bpz(|0)) = (0]



where |0) is the SL(2,R)-invariant vacuum. Next we define the state |0) = c_1coc;]0) and
the tensor product of states

123(@] = 1(0]2(0[3(0] (1.3)
carrying total gh = 9, and
w)12s = [0)1]0)2[0)3 (1.4)

carrying total gh=0. They satisfy 123(@w|w)123 = 1. Finally we write down the general form
of the three strings vertices we will find below (section 2). The first two are

<‘A/:|:z)3’ :I:z) 123(&)‘6 (il) :I:z) - - Z Z lez)nm ni) (15)
r,s=1n,m
where
L (@ERE) 1 fow\* o
%27” ]é 2mi 2" 1wm+2 ( Z%fs(w) fr(2) = fs(w) <fr(z)> Cz-w (16)
and

7"5 1 (%fr(z))2 1 _ 0"
(=)nm = 7{ 2mi jé 27 zn 1 mt2 < A fw) fr(2) = fs(w) z-w (17)

The labels (+i) refer to the ghost insertion at the string midpoint 7 and image point —i,
respectively (see below). These Neumann matrices are complex.
We will also use a third auxiliary vertex (a sort of average of the previous two) whose

Neumann matrices are real
R 3 o)
(V] = Kugs(@le®,  E==>Y"3 cDVisp (1.8)

where

2
7{ 74 (I fr(2)” fol2) + fulw) o7 (19)
2mi | 2mi 271 wm+2 Ln fy(w) fr(2) = fs(w) z-w .
All these vertices satisfy cyclicity
Vi = Vit Vi = Vit (1.10)
The third vertex satisfies twist-covariance

Vs = (=1t (1.11)

nm nm

while the first two are twist conjugate

Vm = (=10 (1.12)

)nm



The latter are BRST invariant. Dual vertices can also be defined. We will show that the
twisted Neumann matrices of each vertex commute.

The constants K and K1) turn out to be 1.

In the previous formulas

fr(z)=a* " f(z), r=1,2,3 (1.13)
where
14iz\3
f(z) = (iZ) (1.14)

27

Here a =e3.

In section 3 we will show that the twisted Neumann matrices of all the vertices just
introduced commute with the matrix GG, which represents the operator K1 = L1+ LJ{. This
allows us to diagonalize the matrices that commute with G on the basis of its eigenvectors.
In section 4 we explicitly compute the bases corresponding to the discrete spectrum of G,
while the continuous spectrum had already been computed in [30-32]. We also write down
the spectral formula for G and notice that it depends on the contour one takes in order to
integrate over the continuous eigenvalue x: only in a certain range of (k) do we correctly
reproduce G. We also give (partial) reconstruction formulas for the matrices A, B,C, D
of I.

In section 5 we write down spectral formulas for the (twisted) Neumann matrices of
the above constructed vertices. We show that the integration contour over the continu-
ous spectrum plays a fundamental role. In fact different vertices have the same spectral
formulas but differ by the integration contour and can be obtained from one another by
changing it.

The main purpose of section 6 is to extract information about the eigenvalues of
the Neumann coefficients of the ghost number 0 wedge states from solving the KP equa-
tion, [48], as was done in I. The main difference with I is that we do not use commutativity
of the matrices A, B,C, D but solve the equation for their eigenvalues. In such a way we
are able to prove that both the continuous and discrete eigenvalues of the wedge states
satisfy the appropriate recursion relation. With these results at hand, in section 7 we pass
to the task of reconstructing the twisted Neumann matrices of the ghost number 3 wedge
states. Once again the integration path over the continuous spectrum plays a crucial role
and allows us to pass from one possible representation to another of these states. It is clear
that in so doing we are assuming that the eigenvalues are common to all the representa-
tions of a given wedge state both with ghost number 3 and with ghost number 0. This
assumption turns out to be correct but will be fully justified only in paper III.

Finally, five appendices contains auxiliary material, calculations and complements.

2 The three strings vertex

In order to construct the ghost three string vertex in the oscillator formalism (for previous
literature, see [33—-37]; problems related to the present paper are treated in [38-45]) we



have to face a number of problems which are not met in the matter sector. The first is
normal ordering. Let us recall that one can envisage two main types of normal orderings,
which we have called in [3] the natural and conventional normal ordering. The former is the
obvious normal ordering required when the vacuum is |0), the latter is instead requested
by the vacuum state ¢1|0) (of course, in principle, one could consider other possibilities).
A second problem is generated by the ghost insertions, which are a priori free. It is clear
that the three strings vertex will depend to some extent both on the normal ordering and
the ghost insertion. Finally the vertices must be BRST invariant.

To start with, in this paper we will use the natural normal ordering. This is at variance
with the existing ghost three strings vertex [33-37|, which is based on the conventional
normal ordering. This innovation is required by the new non—perturbative analytic solution
of SFT found by Schnabl, [4], where ghost number 0 wedge states are used, for which the
old ghost vertex is ineffective, see for instance [28].

Using the definitions (1.5), (1.8), our aim now is to explicitly compute V”fi)nm, Vs
The method is well-known: one expresses the propagator < ¢(z)b(w) > (see appendix A)
in two different ways, first as a CFT correlator and then in terms of V3 and equates the
two expressions after mapping them to the disk via the maps (1.13). However this recipe
leaves several uncertainties.

First we have to insert the three ¢ zero modes. We can either, for instance, insert
three separate fields c(z;), (A.1), or use Y (z) = 30%¢(2)0c(2)c(z). In order to pair ghost
number 3 and ghost number 0 states so that they preserve their conformal properties, we
should use a ghost number 3 primary field insertion with vanishing conformal weight. This
implies the use of Y, which has this property. Even so there remain many possibilities. Let
us make the obvious remark that, given the vacuum |0 >, there are many ways to define
a conjugate vacuum |[0° > such that < 0°/0 >=< 0]/0° >= 1. The simplest example is
given by |0¢ >=Y(0)|0 >= c_1cpc1]/0 >. However this is not the only possible choice since
0. < 0]Y (2)|0 >= 0. So, in principle, any choice of |0° >= Y (2)|0 > is a good conjugate
vacuum and we can choose the insertion point as we like.

The above can be understood in terms of Q5 cohomology. Remembering that

{Q,c(2)} = cde(2),

we have
{Q,Y(2)} =0, and Y (z)=Q(...).

This means that the point where one inserts Y is irrelevant when the other string fields
in the game are in the kernel of ). This is in particular true for surface states in critical
dimension. For any surface state 3 we have

9:(X|Y (2)[%) =0

if Q%) =0.

In defining the vertex, however, the place where Y is inserted matters. This is because
the s*—product treats the midpoint as special (it is the only point which is common to
the three interacting strings). So, out of the infinite places where we could insert Y, we



make the most symmetric choice of inserting Y at the midpoint. Since Y is a weight zero
primary, this will not cause the typical divergences of midpoint insertions. The vertex we
are constructing is thus meant to perform the s—product (which is ghost number preserving)
and then to add a Y midpoint insertion to the result. Calling (V3| such a vertex, we can
define it symbolically as

(Vallgnliin) = (1 + ol (Y (), Y () (2.1)

In other words, calling (V3| the usual three-strings vertex without insertions, we can write

(Vo] = Vel (Y (), Y (=) = ((Vial, (Vo) (2:2)

meaning that, as we will see, we need both insertions in order to correctly represent the
star product (this is just the doubling trick).

In the natural normal ordering it is impossible to represent (V3| in a squeezed state
form which is cyclic in the string indices. That is not a problem, in principle, but it
would give rise to very complicated Neumann coefficients matrices. On the other hand the
midpoint inserted vertex (173| is expressed in terms of two cyclic squeezed states: each of
them can actually be used independently of each another. Computations with (17(Z)| will
be related to (V(_;| by twist-conjugation. The price we have to pay for this choice in the
vertex is that, when we midpoint—multiply 2 gh = 0 states, we get a gh = 3 result. Going

back to gh = 0 will be the subject of III.

2.1 Three zero modes insertion

We start by inserting the operator Y at the point ¢ (for simplicity we understand the
dependence on ¢ in the vertex, until further notice). We use the correlator (A.1) in appendix
A and compare

(fj oY (t) froc™(2) fs 0 bl (w)) (2.3)
with
(V3| (™) (2) b) (w))|w) 123 (2.4)

where R denotes radial ordering. If:: denotes the natural normal ordering, we have for
instance (see appendix A)

1

Z—w

R(c(2) b(w)) = Z D ep by Z Ly R=2
n,k

(2.5)

This should be inserted inside (2.4). Let us refer to the last term in (2.5) as the order-
g term.

We first compute the K constant. By making use of (0Y (£)|0) = 1 for any ¢, we have

(Vslwhros =K = (fjoY (1)) =1 (2.6)



for any j. Now

N 67’8
ValR(e) (2) b — V (7") b LAl —k=2
(V3|R(c"(2) 0 (w))|w)123 = (V3 E + Wz
e L (27)
kn - — w :

On the other hand, from direct computation,

(fe(w))® 1 ( ]
fiz) fr(z) = fs(w) \[j(t) = fs(w)

Comparing the last two equations and using (2.6) we get
7{ y{ 1 (fi(w))? 1 (fj(t) — fr(2) )3 _ o
- 2mi | 2mi z"+2 k-1 fh(z) fr(2) = fs(w) \ f;(t) = fs(w) Z—w

After obvious changes of indices and variables we end up with

]g j{ (R 1 <fs(w)—fj(t)>3_ o
211 2y 2" 1wm+2 (fiw)) fr(z) = fs(w) \ fr(2) —fj(t) Z—w

<f7" o C(Z) fs o b(w) fj © Y(t)> =

(2.10)
After some elementary algebra, using f'(z) = % lJrZQf( z), one finds
~ 1 _
Vim = 3(Bnm + @™ Unm + & Upi) (2.11)
where
1 w 22 1
<1 + 2w w—z) (1= iz w)) = ;z—w} (2.12)

_j{dzj{ [
- oi Zn+1 wm+1 i

2mi
dz f
2mi 2772 z"+1 wm+1 L f
dz f
2 !

Unim = }{ j{ 2mi z”“ wm+1

for t = 4. In the above equations

t(w—2)(1 +wz)
w(t —2)(1 +tz)

pe(z,w) =

This function enjoys the properties

P (—é,w> =pi(z,w), P <Z—$> =pi(z,w), pe(2,2) =0, p(0,2) =1 (2.16)

which will be of great importance later on.
It is immediate to check cyclicity (with ¢ = +3)

Crrs _ yyr+1,s+1
Vnm - Vnm ’



Moreover we have the twist covariance property

Crrs o n+myrsr
Vo = (10

i)nm

that is the vertex with Y insertion at i is twist conjugate to the one with insertion at —i.
This is due, in particular, to the property

pi(—z, —w) = p_i(z,w) (2.17)

So we have a couple of twist—conjugate vertices. Due to the considerations at the
beginning of this section, these two vertices are BRST invariant. As we will see in the sequel,
they have the properties we need, therefore we stick to them even though they are complex.
They are the two vertices defined by formulas (1.6), (1.7). The corresponding F,U, U are
the ones defined by eqgs. (2.12), (2.13), (2.14), with ¢ = i and —i, respectively, in p;.

2.1.1 The midpoint Neumann coefficients

In conclusion, our midpoint vertices are defined as

1 ~T—S r—s
‘/(il)nm - g(E(il)nm +a U(il)nm + « U(iz)nm) (218)

in terms of the quantities

E1iy = i) + Z, Uiy = W) + Z, Uiy = Uiy + Z (2.19)
where
dz 1 w
& (inm = }{ 2i j{ 2mi z”“ wm+1 <1 +2w  w— z) (L= pxi(z,w)) (2.20)
dz f(2) 1 w
) = - — 1— 9y 2.21
Uiiynm 7{ i jé 2mi z"+1 wm+1 flw) (1 +2w  w— z) (1= pi(z,w)) (221)
_ [ dz 1 f(w) 1 w
Uiiynm 7{ 27 jé 2 z"+1 wmtl f(z) (1 +2w  w— z) (1= pxi(z,w)) (222)

with the ordering term

f{ f{ <1 (2.23)
Znm omi | 2mi z"+1 wm+1 Wz —w '

2.2 The average (real) vertex

In addition to these two vertices we will construct a third one which is twist invariant and
real, although it does not evidently respect BRST invariance.

One way to get a twist invariance vertex is to average between the two above, that is
to make the replacement

(heti) () () e



in the above definitions, mimicking the method of images. We stress that here we refer to

the average of the vertex exponents.
This leads to (2.28), (2.12), (2.13), (2.14) with p; replaced by

zZ—w 2w)(22 —

(2.25)

However this choice produces a singularity in the product U? (see subsection 2.4), a singu-
larity which is due to the double pole of py(z,w) at z = i and z = —i. The definition of
the twist—invariant midpoint vertex requires a not a priori obvious modification, which is
as follows. We replace p; with pg in €, with p; in U and with p_; in U, (2.12), (2.13), (2.14)
respectively. We notice that, beside the properties (2.16), one has

po(—z,—w) = po(z,w) (2.26)

As is easily verified, this property guarantees twist—invariance of the Neumann matrices.

We will denote the corresponding Neumann matrices simply by V,:ﬁl

In summary the average (regularized) vertex is defined in terms of Ugy, U—iy and

1
E=&+ Z, & = 5(8(,‘) + 8(_i)> (2.27)
as follows
N 1 _
VJVSn = g(Enm + driSU(i)nm + arisU(fi)nm) (228)

Now one can easily show that the Neumann matrices VJ,:",L can be written in the compact
form (1.9) (apart from the ordering term).

2.3 Two remarks

The matrices V7S, VTS

nm> ¥ (+i)nm
them an upper left 3 x 3 matrix z, where z;; = 0;40, with —1 <4, j < 1. The addition of

are all sl. However, when r = s, it is always possible to add to

the matrix z to V' does not change the vertex provided we understand that the expression
of the vertex is normal ordered, since, in the definition (1.8), the vertex is applied to the
vacuum (0|. In fact we have more:

<6| . gCi Tij bjtenVanrbar . <6|eCnVnJVIbJVI
for any matrix 7;;. This ambiguity is allowed by the formalism and actually it turns out
to be very useful. This remark will be crucial in the sequel.

Another remark concerning the just defined vertices is the following. While the expres-
sions €, U and U are ambiguous, due to the presence of the factor 1/(z — w), in (2.19) any

ambiguity has disappeared. This is evident for E, but is true also for U and U. For instance
fz) w  fw)+ (- w)f'(w) +1/2(z —w)* f'(w) +... w
fw)z—w f(w) z-w
1
=Y 4 wf!(w) + 5(2 —w)wf"(w) + ...

Z—w




Of course only the first term in the r.h.s. is ambiguous when inserted in the double contour
integral (2.21), but it is cancelled by the ordering term. Therefore all the double integrals
above are unambiguous. But if we evaluate separately (as it will happen) U and Z, for
instance, we have to be careful to use the same prescriptions, because each separate term
is ambiguous.

Finally we record the twist properties

CEw =EyC,  CUwy =UsziC (2.29)

2.4 Fundamental properties of the Neumann coefficients

In this subsection we will analytically prove certain fundamental relations for the matri-
ces (2.20), (2.21), (2.22) and (2.23), following the methods of [47]. We remark that the
analytic proof in this case is essential, because the numerical analysis, while confirming the

analytic results, is hindered by the poor convergence properties of the product matrices.

2.4.1 U Ug,

Our first aim is to evaluate the product (Ug)U(yy)nm where p and p’ stand for either 4 or
—i and denote generically the dependence on pi;. Since this result is specially important
we present the calculation in full detail as a model for many others that occur in the paper.

Let us consider the product Y 2 Upynk Ugp),.,, - In the first U we use the integration
variables z and ¢ and in the second 6 and w. We assume |z| < |(| and |#| > |w|. This
means that we have first to integrate in ¢ and 6 and then in z and w. This prescription is
arbitrary. We have to be careful to use the same prescription when computing the other
pieces of U, Uy

We use for U the definition above, (2.21), and perform the intermediate summation in
2 k=1 Uyt Uy yom

o0

1 ¢o
Z (CORHT T -1 (2.30)

k=-1

This is true if || > 1. If the latter condition holds we have

kz_:l Upynk U ykm = j{ 9 ot f{ ori 7{ ori I 2mi wm+1 -1 (2.31)
i
f
/

EZ;<1+1ZC - gfz><1_p(z’4)> '

f((a)) (1 —|—19w wlﬁ 9) <1_P/(9,w)) = x

We notice that p(z,() has a double pole in z =i and a simple pole in { = 0. p'(6,w) has

a double pole in # = +i¢ and a simple pole in w = 0. In order to avoid the pole at 6§ = ¢
it is more convenient to integrate first with respect to . In the integrand there are poles
—%, %. In order to guarantee |6 > 1| we have to take |C] > é‘. Therefore the
integration contour in ¢ will include the poles in z

in { = z,

, 9, but excludes —1.
4
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So we take |¢| > 1 and || < 1. Notice that we have

1 1 1
—, — > ¢ > =, ie [0]>|z] (2.32)
0] E

A<ich o> el 1> 7

To comply with the condition |(| > 1 we deform the  contour while keeping the 6 contour
fixed. In doing so we have to be careful to avoid possible singularities in (. The latter are
poles at ( = z, —%,% and branch cuts at ¢ = £i, due to the f({) factor. One can deform
the ¢ contour in such a way as to keep the pole at —% external to the contour, since the
z contour is as small as we wish around the origin. But, of course, one cannot avoid the
branch points at ( = +¢. To make sense of the operation we introduce a regulator K > 1
and modify the integrand by modifying f(()

K+ic\3
K—zc)

We will take K as large as needed and eventually move back to K = 1.

10 = 150 = (

Under these circumstances we can safely perform the summation over k, make the
replacement (2.30) in the integral and get (2.31). Now we can integrate over (. The
integration contour only surrounds z, z. So (2.31) becomes

dw f(z) / 0
{C:%} * y{Qﬂ'zz”“j{%'z %w”l”rl [1 ((%))<9+z_1_129>'
'<1 — s _9)> f((e)) <1 +10w B w?ﬁ 0
-<1 — (0, w) (2.33)
622

{¢=2} 921 J{(w) (1+19w_wu—}6)

where, on the left, in curly brackets we denote the pole that gives rise to the contribution
in the body of the formula.

Next we wish to integrate with respect to 0. There are poles at § = —z, %, w, —i and

possibly at # = =+, and branch cuts starting and ending at 0 = +¢ and at 0 = :I:% (no
poles at § = 0,00 !). The singularities trapped Within the 6 contour of integration are the
poles at § = —z,w. Since above we had K > [0] > \C\’ it follows that || > -. Therefore
also the branch points at § = ? of fx(1/6) are trapped inside the 6 contour and we have
to compute the relevant contribution to the integral. Let us call this cut ¢;/; and let us
fix it to be the semicircle of radius 1/K at the Lh.s. of the imaginary axis; the contour
that surrounds it excluding all the other singularities will be denoted C'; /. The other cut,
due to f(#), with branch points at § = +i, will be denoted ¢;; the contour that surrounds
it (another semicircle of radius 1) excluding all the other singularities will be denoted Cf.
The forthcoming argument requires that we split the branch point at 8 = ¢ from the pole
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at the same point coming from p’(,w). Therefore we will introduce a regulator in p'(6, w)
to move away this singularity and return eventually to the initial condition. This regulator
is simply to help keeping the branch point and the pole of p'(8,w) at § = i distinct. The
role of the poles of p/(f,w) at 6 =i will be analyzed further on.

Evaluating (2.33) we get

- B ﬁi d_w 1 B f(z)
{0 = w} **_7{27ﬂzn+1j{2ﬂ'iwm+1[ fK(%)

'<1—1zw N sz) (1_p(2’_w)>

222

1—zw

£(2) 1 w , f(=2)
=== ey (1—zw‘z+w> (1) f<w>]

+7€3/K dol...)

where the last term refers to the integral along the contour C/x. We have used

2W z w 1

caw—1 z4w z4w 1—zw

The problem now is to evaluate the integral around the cut. Fortunately this can
be reduced to an evaluation of contributions from poles. To see this, we first recall the
properties of f(z). It is easy to see that

f(1/z2) =~f(=2) and [f(=2) =1/f(2) (2.35)

N 2
; 1\ _ 1+§ 3: C1—iz)3
z 1-2 14z
z
Above v is either 1, or @, depending on what Riemann sheet we choose. However,

denoting with an arrow the effect of a transformation ¢ — —% we get

¢

1(=3) =210 =11 (3) =10

This comes from

On the other hand

1
r(g) -0
¢
Thus v2 = 1, which implies ¥ = 1. We remark that this result comes from requiring that

the entry of f takes values on a Riemann sphere. The value of v, however, does nott really
matter provided we choose always the same sheet.
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Therefore, in the limit K — 1, the factor fx(1/6)/f(0) tends, up to the v factor, to
(f(—0))%. As a consequence, in the same limit, the integral of (...) around the c1/K cut is
the same as the integral around the ¢; cut. To be more explicit in (2.34) we have

]é b f(e)...:ljé B 5 (0)F0)..
C Ci/k

Uk 2mi fK(%) v 2mi

In this expression the relevant cut is ¢;/x. On the other hand

d9 f 1 [ df
jél omi fre(L) fr@)f(0)...

3 Sy o
In this expression the relevant cut is ¢;. It is evident that in the limit K — 1 the two

expressions become one and the same.

At this point it is convenient to take, instead of the integral around one contour,
the half sum of the integral around both. But using a well-known argument, the integral
around both cuts equals minus the integral around all the other singularities in the complex
f—plane. i.e. the overall contour integral around the cuts equal the negative of the integral
of (...) about all the remaining singularities in the complex f—plane, which are poles at
0=—zw1/z,—1/w,+i.

Returning to (2.33), the integral over C involves only the first part of (2.33) the
one containing fgx, because the second part does not contain any trapped contour. As for
the possible double poles at 6 = =+i, they can at the worst be simple because the double
pole of p1;(0, w) are partly compensated by the zero of Z%f_e — 1%% Evaluating the residues
at the poles we get

1
fgl/KdH... = —5{
- dz 1 dw 1 f(Z)
{6 =w} —j{ﬁznﬂj{Q_ﬂwm“ [_f(%)

-(1 —p(z, —w)>

f
-1} SIS () ()

{0 = +i} T } (2.36)
where ellipses represent possible contributions of poles at # = +i. The term 6 = —z,%
cancel exactly the term 6 = —z of (2.34) and the term 6 = w, —% cancel the term 6 = w
in (2.34). The f factors in each of them become either
v
() f(w),  or

f(2)f(w)
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In order to evaluate the contributions of the poles at # = +i we have to distinguish
various cases. If p = p;,p’ = p;, then the contribution of the pole at # = i does not
appear because,

[ 1

1) the double pole is partly compensated by the zero of - 5~ 120"

and thus is a simple
pole;

2) the residue of this simple pole vanishes due to the factor f(6)2, which vanishes as
0 — 2)% when 6 — 1.

Let us consider next the case p = p;,p’ = p—;. The double pole of p_; at § = —i is
compensated by the zeroes of z% — ﬁ and 1 — p;(z, —0). Therefore the pole disappears.

In the case p = p_;, p’ = p; we have a double pole at § = i, which is partly compensated
by the zero of Z% — 1_—29 The remaining simple pole has a zero residue due to f()2, as
in the case p = p;, p’ = p;.

Thus in all three cases just considered, the ellipses at the end of (2.36) correspond to
a vanishing contribution.

In the case p = p_;,p’ = p_;, we have a double pole at § = —i, which is partly
17—129. But the residue of the simple pole is divergent
due to f(#). Therefore, in this case we have a divergent result.

compensated by the usual zero of ZL;G —

Finally we can write

(Ui Uiy nm = Uy Wiy)nm = (U Ug)y)nm (2.37)
B % 1 }{d_w 1 22w ) Onms n,m > 2
) 2mizntt J 2miwmtll —zw ) O, —1<norm<1

The ss matrix in the r.h.s. of this equation will be denoted by 1.
On the other hand, U(_;)U(_;) is singular.
After twist conjugation we get also

Uiy Uiy = Uiy Uiy = Uiy Uy = Las (2.38)
while ﬂ(i) ﬂ(i) is singular.

On the basis of the previous discussion one can better understand the origin of the
singularity, mentioned in subsection 2.2, which arises if p; is simply replaced by pg. The
latter contains both p; and p_; and we have seen above that when two p_; simultaneously
enter into the game we cannot avoid a singularity.

2.5 Fundamental properties of V"

The calculations relevant to the fundamental properties of the Neumann coefficients for
the real vertex V' are completed in appendix B. To summarize the results obtained,
after incorporating those of appendix B, in a compact form, we will use the 3x3 matrix z
introduced in section 2.3, and introduce the oo x 3 matrix u, uy; = Uy (n > 2, -1 >4 > 1),

as well as its twist conjugate u, and an analogous matrix e, e, ; = E,; . Then

U= (U+2)U+2) =W +UZ =14 —uz, (2.39)
U= U+ 2)(U+2)=14 — Tz (2.40)
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and
E = (E4+2)E+2)=E*+EZ =1, —cz (2.41)
Likewise we have
EU=CU, UE=UC—-Cez—uz (2.42)
i.e., after twisting and combining,
EU=CU, UE=UC+ ez—uzé (2.43)

where ¢ is C reduced to the first 3 x 3 block.

It was noted in section 2.3 that we could add the 3 x 3 matrix z to E, U and U without
changing the three string vertex. We use this freedom to redefine the vertex Neumann
matrices. This simple move will dramatically simplify everything.

Let us set

E'=F +z, U'=U+z, U'=U+z2 (2.44)
and let us compute U’?:

U =U?4+Uz+22 =14 —uz+uz+1lgs=1 (2.45)

where, now, 1 is the identity matrix in the full range —1 < n,m < co. In the last derivation
we have used the fact that z U = 0. Similarly we can prove that

U?=1, E?=1 (2.46)
Moreover, using again the results of subsection 2.6:

E'U =CU + 13,3+ ez (2.47)
UE =UC—Cez+ 133 (2.48)

Twist—conjugating the second equation we get

U'E =CU + ez + 133 (2.49)
Therefore
EU =UF (2.50)
Twist—conjugating this
E'U =UF (2.51)

We can now define two types of X matrices, X}’ = E'V'™s and X's = CV'rs (‘A/'/rS =
V7S 4 28,5),

1 _
Xp = 5(1 +a" *E'U' + o °E'U) (2.52)
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or
1 _
X' = g(CE’ +a" 7 CU 4+ a"~°CU") (2.53)

The ghost three string vertex Neumann matrices Vs, obtained from X' dropping the z
matrix, are those defined in section 1.1, eq. (1.9).
Our first aim is to prove that

XpEXES = X5 X5 (2.54)
and

XX = xS x'rs (2.55)
for any r,s,7’,s'. For conciseness we write o* " = 3 and o " = 3. To start with,

using (2.29) we get
’ 10 of 1 - _ _ _
XT’SXT‘S — §(E,E,+/3/E,U,+B,E,U,+BU,E/ +Bﬂ,U,U/
+88'U% + BU'E + BB'U + BB’U’U’) (2.56)
Similarly
Iod ol < 1 — _ _ _
XT’SXT’S — §(E,E,+/8E/U,+/3E/U/+/8/U/E,+/8/BU,U,
+8 802 + BU'E + 38U + B’BU’U’) (2.57)

The necessary conditions for (2.55) to hold are

EU = UIE/, EU = U/El, U/2 _ U’2 (2.58)

This is certainly true on the basis of the previous results. In the same way one can
prove (2.54). Moreover it is not hard to show

Xp+Xh+X; =1
XX, = X3~ X (2.59)
Xp+ (X5 +(Xp)? =1
(X5 +(Xp)? = 1+2X} - 3X}
The analogous relations for the X’ matrices are not as simple. Unfortunately the Xg’s

are not the matrices that are going to appear in the star product of two string states (see
below). In the star product the relevant matrices are the X”’s. We have

X —Xp=CE —1=—l33+cé2+ce=¢ (2.60)

while Xif = X'*. Tt is easy to see that @ has only two nontrivial columns, precisely the only
nonvanishing entries are €_1 9,41 = &1 2,41 = —(—1)"(2n+1), n = —1,0,1,.... Moreover
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¢ commutes with all Xg’s and X'’s matrices, and ¢? = —2¢, ¢X’ = X'¢ = —¢. Finally

one can prove

X +XT+X"=1+¢
XtX~=X"_X+¢ (2.61)
X/2 + (X/J,-)Q + (X/—)Q -1
(XP +(X7)P =1+2X"7 -3X"7% - 2¢

2.6 Fundamental properties of V(Z)s and V(Tfl.)

We proceed in analogy to the previous case. Although the procedure is the same many
important details are different and we are forced to repeat the derivations. In the follow-
ing we consider only ‘/(’;)5 , because everything concerning V(Tfi) can be obtained by twist—
conjugation (CV(Z)SC = V(Sf i)). Many calculations relevant for the fundamental properties
of the Neumann coefficients for the vertex V(’Z')S can be found in appendix B. As before we
will summarize the results in a compact form by means of the 3x3 matrix z and the co x 3
matrix gy, Ugyn; = U, (0> 2,—1 >4 > 1), as well as its twist conjugate ;) and the
analogous matrix €(;), €(yni = E(j)n,; - Then

Uyl = Uy + 2 MUy + 2) = U U + U2 = Lss —u-p 2 (2:62)
U—yUiy = Wy + 2) Uy + Z2) = Lss — Uy 2 (2.63)

and
ECyEq =y +2)(Eu +2) =1es —ei) 2 (2.64)
Likewise we have

E(,Z) U(z) =C U(Z), U(,Z) E(z) = U(,Z) C+ €(—i) Z = U(—j) 2 (2.65)
E(—i) U(z) =C U(—i), U(—z) E(z) = U(—z) C+ €(—4) Z — U(—y) z¢e (2.66)
where ¢ is C reduced to the first 3 x 3 block.

Now, as noted before, we are allowed to add the 3 x 3 matrix z to the E,U and U
matrices without changing the three string vertex. We use this freedom to redefine the
vertex Neumann matrices. Again, this will simplify everything.

Let us set

EEiz) = E(:I:i) + z, U(,iz) = U(:I:z) + z, (7(/iz) = U(:I:z) + z (2.67)
and let us compute U(/—z')U(/z‘):
U(/—Z)U(/Z) = U(_Z)U(_z) + U(z) z+ 22 = 1, — U(—j) 2 + U(—j) 2 + 13,3 =1 (2.68)

where, now, 1 is the identity matrix in the full range —1 < n,m < co. In the last derivation
we have used the fact that 2z Uiy;) = 0. Similarly we can prove that

!/ rrl / / o o / /
U(—i)U(i) =1, E(—z‘)E(z‘) =1= E(i)E(—i) (2.69)
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Moreover

/ A= / /
Ey U = UigBw, Byl = Uy By (2.70)
As before we can now define two types of X matrices, X(TS p=F V(/Z’)’s and X EZ’.’)S = CYA/(IZ.SS
(V5 = Vi + =0
s 1 ~T—S 7" S
or
'rs 1 ! _r—s / r—sp 77/

The ghost three string vertex Neumann matrices ‘7(:)5 , obtained from X @

Irs

dropping the z

matrix, are those defined in section 1.1, eq. (1.6).

Using the previous results and the methods of the previous subsection we can prove

that
XS eXtnn = X Xie (2.73)
and
XX = X0 X (2.74)
for any r,s,7’,s". In addition the X;p matrices commute with the X Ei) ones.
Moreover it is not hard to show that
Xop+XhptXpe =1
- 2
XiyeXos = Xip — Xop (2.75)
2 2 — \2
Xop + (XGp)" + (Xgp) =1
+ 3 — 3 _ 3 2
(Xoyp)” +(Xpp)” = 142X —3X5)p

The analogous relations for the X Ei) matrices are not as simple. Unfortunately in the star

product the relevant matrices are the X Ei)’s. We have

(2.76)

= X/=. Moreover € commutes with all X (HEe's and X (’ )’s matrices, and ¢ =

1+ ¢

Xy + € (2.77)

while X(f)E ()"
—2€¢, QEXE) = XE &= ¢ Finally one can prove
/ + —
X+ Xo + X =
I+ yI1— 12
XoXo = X6~
2 1412 -2 _
X(i) + (X(i)) "’( (i)) =1

14+\3 1—\3
(X)) + X))

12
142X —3X() —2¢
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3 Commutators with K;

The fact that the twisted Neumann matrices of the three strings vertices introduced in
the previous section commute opens the way to their diagonalization. The basis we will
use is formed by the eigenvectors of the matrix G, which represents together with H” the
operator K. The operator K plays a fundamental auxiliary role in SF'T and in particular
in relation with the three ghost strings vertex. Let us recall the relevant definitions from I.

K1 = Z C;r) qu bq—|— Z b;r)Hpq Cq—302 b,1 (31)
p,q>—1 P,q>2
where
Gpg = (p - 1)5p+1,q + (p + 1)5p71,q,
Hy, = (p+ 2)510+17q +(p— 2)510—1761 (3.2)

Therefore G is a square long-legged matrix and H a square short-legged one. In the
common overlap we have G = H”. Since we are able to completely solve the spectral
problem for GG, the latter will be a constant reference in the forthcoming developments.

The generating functions for G and H are

2 — 2w + 3zw?

G = 3.3
(z,w) zw(1l — zw)? (3:3)
w22 (3 + w? — 2zw)
H = 4
As matrices they have the block structure

g0 | 0 010
G=|— —1, H = | —— ——|, (3.5)

e 0| G

where gp is a 3 X 3 matrix and § represents a co X 3 matrix with only one entry (the one
in position (1,2)) different from zero.

3.1 G and the V' vertex

Let us consider G from now on. We want to prove that it commutes with CU. Since G
anticommutes with C, this is equivalent to compute the anticommutator of G with U,
which can be easily done both numerically and analytically. Here is the analytic proof

- 1 ¢
Uiy Gl = 7{ 27zl 7{ 2mi jé 2mi 2m wntl o —1 (3.6)

z — 2W w2
';Eg§<1+zg C—z)(l pi(z o)%:*
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Integrating wrt to 6 (pole at 6 = %)

(2) (1 ¢
7{27”2"“7{27”?42772?1}””1 C)(l—i—zC_C—z) (3:7)
1-2 3
'(1—]91‘(270)%W
C[dz 1 [dw 1 2% 1= 2wz + 3w?
B }{2711'2"*17{2711'11)’”*1 [_w (z —w)?

& (B )0 nm0) -t ]

The last two terms come from poles at ( = z and ( = w, respectively.

Let us add the ordering term and repeat the same procedure.

CG
7)o = _SY 3.8
(Z2G) j{ 2mi z”“ }{ 2mi j{ 2mi | 2mi wmJrl O — (3:8)
z — 2w + 30w?
C z— w9(1 - w@)
f{ 2% 1= 2w( + 3w?
2772 2+l [ 2mi 2772 wm+1 z2—C¢ w(¢—w)?
_%ﬁ 1 }{d_w 1 z_1—2wz+3w d zl—2w§+3w
) 2wzt J 2miwmt | w (2 — w)? d¢ z—( c=w
The first piece in the r.h.s. of (3.7) cancels exactly the first piece in the r.h.s. of (3.8), so

we have only to evaluate the sum of the two remaining derivatives wrt (.
Next let us compute GU. We start with

_ 49
(G Uiy Jnm = j{ 2mg 2+l }{ 2mi j{ omi | 2mi wm+1 O — (3.9)
2-20+ 32¢2 f(0) 1 w ‘ B
2C(1—20)?% f(w) (1 +wl  w— 9) <1 —pZ(G,w)) —
Integrating over ¢ we obtain
— 20+ 3z
" j{ i Zn L j{ 271 }{ 271 wm+1 2(9 —2)? (3.10)
f(6)

.f(w)(1+w9 w_g)( - pi(0, w))
dz 1 dw 1 W ZwQ w3z
i ]éz_mzml jéz_mwmﬂ [; (w — 2)2
’ % (ff((z)) <1 +1w9 - wzi 9) <1 _pi(e’w)> MLZJ

The last two terms come from poles at § = w and 0 = z, respectively.
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The ordering term gives,

_ ¢o
(G Z)rm = 2i z"+1 j{ 27 }{ 2mi ) 2mi wm+1 -1 (3.11)

z—2C+3zC29_2 -1
' zC(l—zC)2 w0 —w

- f{ f{ f{ —20+326% 1
N omi 2"+ | 2mi [ 2mi wmJrl (9 —2)2 wh-w

B }{dz 1}{ Ezw —2w+3z+i 202-20+ 3z 62
N 2mi 2 tl 2mwm+1 z  (w—2)? db 2w 0—w/,_,

In G Uy the first piece in the r.h.s. of (3.10) cancels the first piece in the r.h.s. of (3.11).
What remains is a derivative wrt to ¢ in (3.7), (3.8) and wrt to 6 in (3.10), (3.8). The
derivative in (3.7) gives

z 4 1 w 22 14+ w?)?
ff((w)) [—gz <1 +aw  w— Z) (1= pilz,w)) + w (w —(2;2_(142“)2)2} e

The derivative in (3.10) gives

z) (4. w 22 w?)3
;((w)) [gz <1 —|—1zw Cw— z) (1= pizw)) = w (w —(12;2_(1 jwz)Z} (3.13)

The sum of these two terms vanishes.

The derivative in (3.11) gives

22(—1 — 3w? + 2wz)

3.14
w(w — 2)? (3:14)
The derivative in (3.8) gives
2(1-322+4
z2%( z +2wz) (3.15)
w(w — z)
The sum of these two terms is
2
z
—3= 3.16
. (316)
Therefore, apart from this term we get UG + G Uy = 0, or
[CU(z)a G]nm = _36n,25m,71 (3.17)
This is of course true also for C(_](,Z-).
It is even simpler to prove that
[CE(+4); Glaum = —30n,20m,—1 (3.18)

The anomaly in the r.h.s. of these commutators is a well-known effect of not having
included the last term in the r.h.s. of (3.1) in the definition of G and H. We can easily
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cancel this anomaly by adding the 3 x 3 matrix z to F,U(; and U(,i). For let us compute
[CU(’i), G]. The only change with the commutator [CU;), G| is the addition of —gz. This

vanishes everywhere except for the (2,-1) entry, which equals 3. Therefore
[CU('i), G]=0 (3.19)
Likewise one can prove that

Therefore we conclude that X (”f) + 6"%¢z commute with G.

Summarizing the results of this subsection: the matrices X s X (TS as well as the matrix

¢ commute with G, therefore they will be diagonal in the bases of eigenvectors of the latter
matrix. To conclude let us recall once again that we can always add a matrix z; to V7",
since, as pointed out in section 2.4 this ambiguity is allowed by the formalism.

3.2 G and the V(Z)S vertex

We need to prove that G commutes with CU(4). The case U(;) has just been analyzed. The
case U_;) requires minor changes. (U(_;)G)nm is the same as (U)G)om, eqs. (3.6), (3.7)
with the simple replacement p; — p_;, and G (W(_;))nm is the same as G (U )nm with the
same replacement.

After this replacement the derivative in (3.7) gives

ot 5 (e w0 o + . (w —(i;{iu?ng)?}

The derivative in (3.10) gives

fio [ (- 25) o= S i

w (w—2)%(1+ wz)?
that is, they are the same as before replacement, and the sum of these two terms vanishes.

3Z

142w w—2z

The derivatives in (3.11) and (3.8) of course remain the same, thus their sum is
again —32}—2.

Therefore we get
[CU iy, Glnm = —30n,20m,—1 (3.21)
This is of course true also for CU(i). Moreover
[CE_), Glam = —30n,20m,1 (3.22)

Again we can eliminate the anomaly in the r.h.s. of these commutators by adding z.

Indeed

[cUl_;),G] =0 (3.23)
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Likewise

Therefore we conclude that X(”L
s

Summarizing the results of this subsection: the matrices erisz‘)’X(ii)E as well as the

) 4 0"%¢z commute with G.

matrix € commute with G, therefore they will be diagonal in the bases of eigenvectors of
the latter matrix. Our next purpose is to introduce such bases.

4 The weight 2 and -1 bases

This section is devoted to the bases of eigenfunctions of G. As it turns out the b, ¢ bases
introduced in I were incomplete, because only the continuous eigenvalues of G were taken
into account, while the discrete ones were disregarded. Once complete bases are introduced,
we will be able to write down spectral formulas for the G matrix and for several different
Neumann coefficient matrices.

We will also write reconstruction formulas for the A, B, C, D matrices (for their defini-
tion see eq. (4.21) below) introduced in I. This analysis was started in [28] (see also [30-32]),
where spectral formulas were derived on a heuristic basis. We are now in the condition to
clarify to what extent those formulas are valid.

To start with let us recall the definitions of the weight 2 and -1 continuous bases of
eigenvectors of G. The unnormalized weight 2 basis is given by

D) =) VP (r)""? (4.1)
n=2

in terms of the generating function

1 2 K2
(2) _ rarctan(z) _ _ 2
f:7(2) <1+22> e 1+/£z—|—<2 2>z +... (4.2)

Following [30, 31], (see also appendix B of [3]), we normalize the eigenfunctions as follows

Vi) (k) = v/ As (k) VD (k) (4.3)
where

k(K2 +4)

Ag(k) = m

The unnormalized weight -1 basis is given by

V@) = Y0 ViR (4.4)

n=—1

in terms of the generating function

2
FED(z) = (14 22) enarctan(s) — 1 4 oz 4 (% - 1) 24 (4.5)
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The normalized one is

VD) = VALV W), VAR =Pt (4.6)
where P denotes principal value. We reported in [3] the ‘bi-completeness’
/ "k VDR VD (K) = 6pmy, 1 >2 (4.7)
and bi-orthogonality relation
i Vi (r) V2 (R) = 8, 1) (4.8)
n=2

taking them from [32].
As for the first three elements of the -1 basis, ‘Z(_l)(lﬁ), i = —1,0,1, they can be
expressed in terms of the others (see [32] and appendix B of [3])

Vo (k) =3 03 VD () (4.9)
n=2
One can easily show that

b—1,2n+3 = (_1)n(n + 1)7 b072n+2 - (_1)717 b1,2n+3 = (_1)n(n + 2) (410)

However the ‘bi-completeness’ relation (4.7) is not complete. The reason can be un-
derstood by studying the spectrum of G. The matrix G looks as follows

0-2000...
10 -100...

a_|02 000 (411)
00 301...
00 040...

It is easy to see that the gy matrix (the upper left 3 x 3 block of ) has left eigenvectors
(1,0,1), (1, £2i, —1) with eigenvalues 0, £2i, respectively. By adding to this eigenvectors a
sequence of zeroes in position 2, 3, ... they become left eigenvectors of the full G matrix, i.e.

vED0) = (1,0,1,0,0,0,...),  VOD(£2i) = (1,£2i,-1,0,0,0,...)  (4.12)

are left eigenvectors of G with eigenvalues 0 and +2¢, respectively. It is easy to see that they
correspond to the vectors Véil)(/ﬁ) for k = 0, £2i, respectively. In other words the discrete
eigenvectors are the same as the continuous eigenvectors evaluated at the corresponding
eigenvalue in the s plane.

go has also right eigenvectors, with the same eigenvalues. One can easily check that
1 1

0],| Fi | are right eigenvectors with eigenvalues 0, 2 respectively. However, in order
1 -1
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to get the right eigenvectors of G it is not enough to add an infinite sequence of zeroes to
the eigenvectors of gy, because of the presence of a nonzero entry in position (2,1) of G.

The problem of finding the right eigenvectors of G can however be solved in an algebraic
way. One adds unknowns in position 2,3, ... of the vectors and imposes that the resulting
vectors be eigenvectors of GG with the above discrete eigenvalues. One easily gets

1 1
0 Fi
1 -1

vP)y=1 0], o&=F2)=|+i (4.13)
-3 1
0 Fi

More precisely the entries v0 of v(2)(0) are zero for n even and equal vJ, =D 2n +
1) = —(b_19n41 + br2ns1) for n odd. The entries v;F of V) (£2i) are vi, = Fi(—1)" =
+ibg 2, for n even and vzinﬂ = —(—1)" = by 2n+1 — b_1,2n+1 for n odd. The b coefficients
are the familiar ones

b072n = —(—1)”, b172n+1 = —(—1)”(71 + 1), b,1,2n+1 = —(—1)”71 (414)

Let us stress that v (0), v(?) (£2i) are different from the values taken by the continuous
V@) (k) basis evaluated at x = 0,42i. This is the reason why we use for these discrete
eigenvectors different symbols form the continuous ones, while for V(=1 we use the same
notation for both.

Next we normalize the discrete eigenvectors as follows

1 1
52 0) = —o®@ 52 (427) = Zo@ (+92;
0'9(0) \/iv (0), 0\ (£24) 5Y (£21)
- 1 - 1
D) = —py D D (219) = —v =D (194
VEN©) = SVENe), VED ) = sV )

Using (4.9) it is easy to prove the following orthogonality conditions! (we denote by ¢ the
discrete eigenvalues 0, £21)

i Vi(©TD () = dee (4.15)
n=-—1

> VW E) =0

n=-—1

f) VD@V (k) =0

n=-—1

i Vrgfl)(ﬁ)vn(?)(ﬁ/) — 5(/{/’ /1/)

n=—1

!These orthogonality conditions certainly hold for  away from the singularities of the bases normaliza-
tion factors (see the beginning of this section), but must be otherwise used with extreme care.
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To adopt this notation we have added three zeroes to VYP)(I{) in position n = —1,0,1. In
I, see eq. (5.17), we showed that

> VEY G =6 VY (4.16)
m=—1
From the explicit proof it is evident that G is diagonal on V(_l)(li) for any complex value
of k. Therefore the second equation in (4.15) holds as long as k # £. More about this issue
later on.
Now let us consider the matrix I, = >, 5 (5)‘77271)(5) + [dk f/n@)(/{) ~,»£;1)(Ii). Us-
ing (4.15) it is easy to prove that, for instance, > Inmf},(fb) &) = 1753) (£), etc., both
from the right and from the left. Therefore we conclude that

[e.9]

YTV +/ dx VA RV () = 0pmy mym > —1 (4.17)
¢

— 00

This is the correct bi-completeness relation. In this formula it is understood the the
integration on k is along the real axis.
For future use we record

1
vP@©) + D binvi?(€) =0 (4.18)

i=—1
4.0.1 Diagonalization of ¢

We have already noticed that the € matrix of the previous subsection is diagonal in the

basis of G eigenvectors. Indeed one easily realizes that €V () (k) = 0 = V(=1 (k)¢ for the
continuous eigenvectors, while

ev®(0)

v (o)e

—202(0), @ (£2) =0 (4.19)
—2v (), v (£2i)e =0

for the discrete ones. Therefore the presence of € in (2.61) only affects the 0 discrete
eigenvalue of G.
4.1 Spectral formulas

Using the spectral representation one can reconstruct G from its eigenvalues
and eigenvectors:

Grm = / T VO RV )+ @V (4.20)

—0 :

_ o0 K @) (1 (1) (@0 V(=D (95 — 0@ (0 (=1 (_o;
/dHOO 2sinh%’"”v" (K)V, (ﬁ)+2(vn (20) V)7 (20) — v (=20) Vo 22))

For instance, for —1 < 14,5 <1 we have

. 1 1 0-2 0

1
Gij:§ —i|l®0,2,-1)—| i |®1,-2i,-1)| =10 -1
-1 -1 02 0
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Next, using (4.13),

Go1 = /dﬁ% + %(Z(—l) — (—i)(—l)) =2+1=3

Similarly Go —1 = 0,G2p = 0 and so on, as expected.

4.1.1 Properties of the G spectrum

According to formula (5.17) of I (or (4.16) above), formally any value of « is a continuous
eigenvalue of G. Nothing prevents us from extending eqs. (4.15) to complex k, provided
we remain in a strip around the real axis. Indeed for x = £2in, with natural n, some-
thing happens: the V(*l)(ﬂ) basis has only a finite number of nonvanishing terms and the
measure in the spectral formula (4.20) above has a simple pole. In fact, if we compute for
instance the element Go1, we get 3 as above as long as the integration contour stretches
from —oo to +oo in the strip |J (k)| < 2, it becomes 7 in the band 2 < (k)| < 4, -49
in the band 4 < (k)| < 6, etc. These jumps are due exactly to the contributions of the
poles: as one moves the contour up or down some poles may remain trapped inside the
contour, giving rise to a contribution which equals exactly the corresponding residue.

From this we learn that, unless we do not want to correct the results by hand each
time, the good region for the spectral formula of G is |S(k)| < 2.

4.1.2 The reconstruction of A, B,C, D
The A, B, C, D matrices are defined by the relation

E(()g) + ﬁ((]g)T = C}r\/[AMnbL + C}r\/[CMNbN + b;rannCn — cmBimNbN (4.21)

They were explicity calculated in I. Here we want to discuss their reconstruction formulas.
In [28] we numerically proved the reconstruction formulas (4.28) and (4.31) for the bulk A
and DT matrices, using boundary data. We show below that the boundary data information
is contained in the discrete basis.

To start with let us propose the spectral formulas:

A = [ 7O a7 )+ Y iR @a@V O @)
. g

Crnm = /°° dif)(/g)c(n)Vé;l)(ﬂ) + Z@,(f) (S)c(ﬁ)%;l)(g) (4.23)
. g

Let us recall from I the continuous eigenvalues of A and C' (see also the re-derivation of
these formulas in appendix C)

TK 1 7k cosh (ZE
a(k) = S sinh (Z5) (k) = 5 sinh (Z£) (ﬂi) (4.24)
sin (7) sin (7)
and notice that a(x) becomes singular on the discrete points of the spectrum x = 4+2i. Let
us assume for the time being that the discrete eigenvalues of A coincide with the continuous

ones evaluated at £ (this is not obvious and will be justified later on).
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Taking an expansion about & we have

a(z) = 1+0(2?),  a(z+2i)= :F% -1+ 0(x) (4.25)

() = 14067, o) =2 +140() (4.26)

for small z. V¥ (&) and Vé’l)(g) have been defined above. In particular all entries of

,1(71)(5) vanish in positions n > 2. We have already remarked that their values coincide
with the limit of Vn(fl)(m) when k — £. If we use this definition the vanishing of all entries
in positions n > 2 is true only in the limit * — 0, which is enough in general, but not
in (4.22) and (4.23), where these zeroes are needed to cancel the poles in (4.25), (4.26).
More precisely we have

dz 1
vED(o :}[—1 £} P N 4.27
and
dz 1+1z T |
(=1)(24 = ¢ — (14 22
Vi (2 +2) ]'{Qm'( +Z)<1—iz> 2
dz 1 T dz 1+iz 1
~ o —— (14iz)2—— + — ¢ — (1 +142)%1 — 4.2
f{%i( R o Ty Pan Ut n<1—iz> oz (42

= Ot + 2000 — Ont + % (=2 Agn + A1 — Avp + 2i0p0 — 40,.1)
Therefore, for n > 2,
VED (2 + 2) & % (=20 Agp+ A1 — App) (4.29)
In a similar way one can prove that
V(=20 + 2) & 6,1 — 2060 — 61 + % (=2 Ay — A1+ App + 2000+ 46,1)
ie., forn>2
VED (22 + 1) ~ % (—2i Ao — A1+ Arn) (4.30)
We recall that Ay, vanishes for odd n while A, = —A_; , vanishes for even n. Now

> 5P (©al@ V()
13

= lim <a(m + 2002 (20) V.5V (2 + 20) + a(z — 205D (=2i) VD (z — 2¢)>

Tr—

1 . .
= —Z(—QZ Agom + A_12ms1 — A12m41) (80,20 + D12041 — b_12041)

1 ) .
+Z(_2Z Agom — A_12ms1 + A12m41) (G020 + b12041 — b_12041)
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Therefore

Z VA (©)a@©)V, V() = —bo2ndoam + Arznii(brants — b_12041)
3

= - Z ba,nAa m

a=—1,0,1
Finally
Apm = / deVP (R)a(m)V,S (k) = D banAam (4.31)
a=—1,0,1
This is precisely formula (4.28) of [28].
Similarly, for @ = —1,0,1 and m > 2, using the same equations and the fact that
VG(Z)(H) =0, we find
Aa m = Z 6(2) (71) (5)
= hn%] <a(m +20)0 D (2 + 2i) 4+ a(z — 20)0P (=20 VD (2 — 21))
= —i | (=20 Aoom + A 12m1 — A12my1)
-1
1
+ (=20 Agom — A-12m+1 + A12m+1) (4.32)
-1
This means
Afl,m = _Afl,ma AO,m = AO,ma Al,m = _Al,m (433)

This completes the recostruction of the matrix A, including the first three rows, which
in [28] were called boundary data. These boundary data turn out in fact to be stored in
the discrete basis.

The previous result confirms that the guess for a(x 4+ 2i) was correct, but it does not
say anything about the £ = 0 discrete eigenvalue of A (the latter has not been used in the
previuous derivation).

Using the same method it is easy to prove from (4.23) that

Co = / VD@V = S bun Cam (4.34)

a=-1,0,1

for n,m > 2. And, using (4.23) for a = —1,0,1 and m > 2, one can show that
Coim=—A1m, Com = —Ao,m, Cim = —A_1m
ie

Cam = —A—am (4.35)

)
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This is another set of boundary data of [28] which is contained in the discrete basis. Again
this confirm the validity of (4.26) (except for £ = 0).

It remains for us to reconstruct the values of B, ; and C,, ;. Applying flatly the same
formulas above we obtain divergent results, because the divergences of (4.25) and (4.26) are
not compensated by vanishing basis vectors. As this does not interfere with the subsequent
developments we leave this problem open. Let us simply summarize the following facts:
(eq. 4.22) is a good representation of A, provided we supplement it with three columns of
zeroes; it of course provides a good representation for the bulk of B; eq. (4.23) is a good
representation for C excluding the first three columns and is a good representation for DT
if we limit ourselves to the bulk of eq. (4.23).

5 Reconstruction of X, X, X(i)s X{f)

The first important test of the formalism is the reconstruction of the three string vertex
Neumann coefficient matrices. It is convenient to start from the real (average) vertex.
The definition of CX = V', eq. (1.9), is

b (e L)

This must be compared with the reconstruction formula

X = [ dTO WV + 3 E OO T ©) 65:2)
3

In order to make the comparison we have to know the eigenvalues. The continuous
eigenvalue of the wedge states from the KP equation, [48] derived in I (see also appendix
C), are

t = 5.3
(r) sinh (%””t) (53)
In particular for the case n = 3, which must coincide with X’, this gives
sinh (%)
= 5.4
(k) sinh ( %TH ) (5.4)

We will take this as the appropriate continuous eigenvalue for X’. Next we face the prob-
lem of the discrete eigenvalues r(§). Evaluating the continuous eigenvalue at the discrete
points of the spectrum we would get r(0) = —%,g:(:l:%) = 1, but it turns out that this
choice is wrong. The appropriate discrete eigenvalues turn out to be (see appendix C for
a justification)

r(0)=—1,  p(+2i) =1 (5.5)
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Using (5.2), (5.5) we get immediately X7, = 0, m > 2, because Vi(Q)(/i) = 0 and

Vn(fl)(f ) =0, for z — 0, and no singularity to be compensated. Instead

1 1 ) . . .
X, =0- 3 |0]® (1,0,1) + 1 —i | ® (1,2, -1)+ | i | ®(1,-2i,-1)
1 -1 -1
0 0-1
=010 (5.6)
—-10 0

X, given by (5.1), has vanishing first three rows. Therefore the matrix in (5.6) corresponds
rather to the matrix z discussed in section 2.4. But we have already seen that to the
Neumann matrices of the left (ghost number 3) vertex we can always add a matrix like z.

Let us see now a sample of the other entries

1
Xog =0+ 4(i-1-i-1)=0

B K sinh (%) 1. N 32

X20 = _/dﬁ2sinh (%) sinh (?”fT“) + Z(l 2i—ie(=2)) = S 27
B K sinh (%) 1 1 49
X3 = _/dm2sinh(%) sinh (325) p(IL+ L1+ ) =57

_ K k2 —1 sinh (ZF) 1, L 320
Xa0 = _/dKQSinh (%) 2 sinh (?”fT"‘) + Z(_Z 2t (=20) = 243

and in the bulk, where only the continuous spectrum contributes,

Kan —/d/-i K K2(k% 4 4) sinh (Zf) 541
3 2sinh () 24 sinh (325)

and so on. These are precisely the values expected from (5.1).

Analogously, one can reconstruct the X* matrices. In that case, the discrete spectrum
does not contribute, that is, 1™ (¢) = 0 for &€ = 0,42i. This implies, correctly, that Xf]? =0.
For the continuous spectrum, we use the same expressions as for the matter part, see [50]:

TR TR

(k) =—(1+4e2 k) ; v (k)=—-(1+e 2)(k) (5.7)
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Here is a sample of components of X T:2

Jr
(k)R 16
Xf = [ dg— 2" - 2
20 / "osinh(ZE) ~ 27

rt 1
X, = /dmi(ﬂ)ﬁ _ 16

)

)k (KD 2k 896
Xjy = [ansiis (545 ) = s
3,2 2sinh(%5F) \ 6 3 729+/3

For X~ one can do the same using ¢~ (k) and see that it also works perfectly.

E

Let us conclude with some remarks. In the previous section we have seen that the
twisted Neumann matrices X ™ commute with G, and thus are diagonal in the bases of its
eigenvectors. In this section we have written down such bases and we have shown that by
their means we can construct spectral representations of X' which faithfully reconstruct
the latter. We remark that it is easier to identify the discrete eigenvalues of X' by this
indirect method rather than by a direct approach.

Let us consider now X(;). This matrix is obtained by twisting

Viiyum = ]42772 7{ 2mg z" 1 wm+2 (gl(llj__:;jz f(z)—lf(w) <J;((1;)))>3 - z—1w> (5.8)

The corresponding X ;) = CV(:; matrix can be reconstructed from the matrix X above by

adding additional contributions (the primed matrices are obtained by adding z)

4 2. _
X(iynm = Xonm — ng@) (3 > V=1 (3 ) - gzvf)(o) V.5 (0) (5.9)
The last addend affects only the first three columns. In this equation V@ as well as
V(1D stands for the continuous basis evaluated at the corresponding points. Let us see
some examples of the validity of (5.9)

16 32 16
2,0): — = —o 4 —
207 =-37+5 0
42
(2,—1): =2 =0——i— =i
33
64 64
3,0): —i=0+—i+0
(8:0) s 571 =04 ozi+
6301 541 640
(3,3) : — = — - +0

19683 19683 2187

2In computing some of the components, for example, X;l, X;r’_1 and XI_l, the integrals must be

regularized. This has been done using the principal value prescription.
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In a similar way one can deal with X(ji[), see appendix D.

In order to understand the origin of the correction in (5.9) with respect to (5.2) let
us return to the latter, which is the classical spectral formula one would expect, i.e. the
summation over the eigenvalues (both continuous and discrete) multiplied by the appro-
priate eigenprojectors. In that formula the continuous eigenvalues are real. However we
have noticed above that the continuous eigenvalues may as well be complex. Therefore
we could consider the spectral formula with a contour away from the real axis. If there
are poles between the new and the old contour the final results will be different. This is
precisely what happens in the passage from (5.2) to (5.9). The difference corresponds to a
modification of the integration contour over the continuous spectrum.

The continuous part of the spectrum is

AXy = / dr (3, £) VP (k) VD (k) (5.10)

where the measure is

w) 1 sinh (ZF)
2sinh(%F)  2sinh(ZF) sinh (325)

w(3, k) = (5.11)
This measure has poles at kK = :I:%in for natural n. If in (5.10) the integration contour is
along the real axis we get back X,,,,,. But let us suppose that

Axamzi/ dr (3, )V, () VD (1) (5.12)
C1

where C is a straight contour from —oo to +oo with % < (k) < 2. If we move the
upper contour toward the real axis we are bound to meet two poles of the measure, one at
K=K = % and another at kK = kg = 0. So finally we obtain the usual integral along the
real axis (which corresponds to X) plus two contributions from the two poles that remain
trapped inside the contour. The latter are clockwise oriented, so we have to change the
sign when calculating the residues.
It is easy to show that near the poles k;, see (7.10),
21

plws @)~ 5o

1

o+~ (5 -1) =

T

where we have kept distinct the contribution represented by -1 for a reason that will become
clear later on. Therefore

—fdra RV V) (5.13)
poles
47 1 1 4 1
- _ 2 y® (-1) _ S 4 ¢) (-1)
jédx 6ria /n (k1 + )V (k1 +x) j{dx 5 Bri 3 Vo (x)Vy ) (x)

49 21
= -3 V)V () - S VPOV

The contribution of the pole at k = 0 has been divided by two because only ‘half’ pole
contributes (this is consistent with the remaining calculations). In this way the contri-
bution (5.13) accounts precisely for the difference between X and X(iy, except for the
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(2)

contribution iV, (O)Vygfl)(()). Taking it into account we can write
Xown = [ depBRVERVED ) = VIOV + () 610

where the integration contour runs parallel to the real axis just above the pole at kK = %.
The second piece in the r.h.s. of (5.14) is a ‘necessary scar’ of that formula we will comment
about later on. The omitted terms (...) are the contribution from the discrete spectrum

(which is not touched by the shift in the x integration).

6 The spectral argument

It is time to see our three strings vertex at work. Let us consider the star product of two
wedge states as in the r.h.s. of (1.2)

1S) = N exp (CTSbT) 10) (6.1)
(V3]51)]Sa) = (Sha) (6.2)

We remark that the states like (6.1) are defined on the ghost number 0 vacuum |0), while the
resulting state in the r.h.s. of (6.2) is defined in the ghost number 3 vacuum (0|. Therefore
(S12] is not yet the star product. We will discuss in IIT on how to recover |Sis).

The matrix S1s = CT}5 is given by the familiar formula

1 X~
_ + - _
Tio =X+ (X , X ) TRESHSY, Y19 <X+> (63)
where
CS; 0 X X+t
E p— = .4
12 (0 CSQ>’ v (X X) (64)

In these formulas the matrices X, X¥ represent X/, X'+ or X E i) X Eil) As for the matrices
Ty = CSy, 15, T2 they are supposed to represent wedge states. The latter, denoted simply

by |n) = |S,,), must satisfy the recursive star product formula
[n) % m) = |n+m —1) (6.5)

Our purpose in the sequel is to prove that the squeezed states at the r.h.s. of (1.2), when
star—-multiplied with our three strings ghost vertex, do obey the recursive formula (6.5). To
this end we will proceed as follows. After determining (which we have done in the previous
section) the eigenvalues of the twisted Neumann matrices of the vertex we will determine
those of the squeezed states at the r.h.s. of (1.2), by inferring them from the properties of
the gh = 0 wedge states via the KP equation. We will show that the recursion relations of
the wedge states ensuing from (6.5) are satisfied. Finally we will show how to reconstruct
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the ghost gh = 3 results of the star product with the appropriate spectral formulas. The
gh = 0 states corresponding to them will be reconstructed in III. This argument is based on
the prejudice that gh = 3 and gh = 0 wedge Neumann functions have the same continuous
and discrete eigenvalues. This fact is not at all obvious a priori. But it will be justified
beyond any doubt with the reconstruction formulas of the gh=0 states in III.

The argument is anything but simple. To facilitate the comprehension let us for the
time being assume that 77,7 commute with X, X* (which is not true!). In such a case,
setting Ty = T, and Ty = T,,, we would get that, if (6.5) is true, it follows from (6.3) that

X —(Th+Tn)X + T, T(1+ &) + (T, + T €

Thim-1= 6.6
el L= (T + Tp)X + T/ T (X — €) (66)
Setting 15 = 0 we can write the recursion formula
X1 -T, NG
Tppy = 2L T0) + T (6.7)

1-T,X

This result is not true for the matrices but we will show it to be true for their eigenvalues.
This is due to the fact that the Neumann matrices of the ghost number 0 wedge states
have a subset of eigenvectors in common with G, while the remaining ones are different.?
Once again this fact will be entirely clear only at the end of III, where it will appear that
gh = 0 and gh = 3 wedge states Neumann matrices have the same spectrum. The next
thing to be done therefore is to evaluate the eigenvalues of T,,.

6.1 The recursion relations for eigenvalues

The recursion relations for matrices (6.7) are not expected to hold, but we wish to show
them to be true for their eigenvalues. Applying (6.3) to the bases V) (k) and V=D (¢)
one can see that the continuous eigenvalues must satisfy

1 —t,(k)

W, t3(k) = (k) (6.8)

tny1(r) = (k)

while for the discrete eigenvalues one should get

£(E) (1 — (&) — 2ta(€) de.0
1—,(6)x() ’

where the -2 addend in the numerator comes from the eigenvalue of €. The values of

thr1(§) = t3() = x(¢) (6.9)

t,(k), t,(€) are determined in appendix C (using the results of I). t,,(x) has already been
reported in eq. (5.3), while the discrete eigenvalues are given by

ta(E=0)=—1,  t,(£2i) =1 (6.10)

3Two matrices can of course have the same eigenvalues without commuting. An elementary example is
10 10
given by the two matrices Mo = (O 2) and M, = (0 2) with b # 0. They have the same eigenvalues but

do not commute. Moreover (counting left and right eigenvectors) they have two eigenvectors in common,
while the other two are different.
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It has been shown in I that (5.3) does indeed satisfy the recursion relation (6.8). It is easy
to see that (6.9) is also satisfied by the above found values (6.10), provided one observes
the following procedure: one first replaces the values r(4+27) = 1,3(0) = —1 while keeping
t,(&) generic. After simplifying the expression one inserts the values (6.10). We remark
that the presence of the € matrix in (6.7) is essential in this respect.

It is well-known that (6.8) can be solved in terms of the sliver eigenvalue, [42, 43].
We repeat here this derivation to stress its uniqueness. We require that |2) coincide with
the vacuum |0), both for the matter and the ghost sector. This implies in particular that
to = 0 which entails from (6.8) that t3 = ¢, t4 = =, etc. That is, t, is a uniquely defined

T
function of . But ¢ can be uniquely expressed in terms of the sliver matrix t

t

=0 6.11

et (6.11)
a formula whose inverse is well-known, [46, 48]

1
=5 <1 +r- (l—x)(1+3x)) (6.12)

Therefore t,, can be expressed as a uniquely defined function of t. Now consider the formula

ot (-t
SRS

It satisfies (6.8) as well as the condition t = 0, therefore it is the unique solution to (6.8)
we were looking for.
For completeness we recall also the recursion relation for the normalization constants

Npt1 =N, K det (1 - T, X) (6.13)

It is easy to see that the discrete eigenvalues give a vanishing contribution to the deter-
minant, therefore the discussion reduces to the continuous eigenvalues, and this was done
in I.

In IIT we will also give evidence that (when the matter sector is coupled) this overall
normalization will be 1.

7 Reconstruction of the dual wedge states

In the previous sections we have defined three strings vertices for the ghost part. We have
consequently defined a midpoint—star product. It is not possible to do the star product in
a single step, i.e. it is not possible to start from two gh = 0 states and end up with the
resulting star product as a gh = 0 state (in the matter case this is possible up to a bpz
conjugation). In this case we must go through a two step process. We first compute the
gh = 3 state which is the result of the operation in eq. (6.2). The second step consists in
computing the gh = 0 ket corresponding to this result (this operation turns out to be far
more complicated than the simple bpz conjugation of the matter sector).

In the rest of this paper we will be concerned with the first step, while the second
will be the subject of III. In the previous section we have calculated the eigenvalues of the
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resulting (gh = 3) object (which we will call the dual or bra star product wedge state) in
the weight 2 and -1 discrete and continuous basis. Now we wish to express this state as a
squeezed state in the oscillator form. To this end we resort to the reconstruction formulas,
which are nothing but the ordinary spectral formulas in which, however, the integration
contour for the continuous spectrum must be specified. As we will see, different contours
give different results with different characteristics: they may or may not be surface states
and may or may not be BRST invariant.

In parallel with section 5 let us write down the spectral representation for the left
gh = 3 wedge states:

7N / k7D ()t (1) V. —1—20(2 VD (e) (7.1)

where for practical reasons we have slightly changed the notation: TW) = ¢Sy and the
prime denotes the addition of the z matrix. Let us recall that the discrete eigenvalues are

tN0) =1(0) = =1 ;M) (£24) = x(£20) =1 (7.2)

while the continuous eigenvalue is given by (5.3). We thus have

i oo 2sinh(%F) " m
5P OVED0) + 3 (P VD @0) + o -2V (-20)  (73)

where the integral is, for the time being, along the real axis.
Let us compute a sample of the entries of Ty

o0 {@
~r(4) tY (k) l Ay __1_ __§
Ty = /OO dl{i%inh(%””)'% + 4(2 2i—1-(=21)) = 1 =7
o0 (4)
A/(4) t (I{) 1 1 1 7
31 /Oo KQSlnh(%“) 2 (=3)+ 4( 1 4 * 4

oo 2sinh(TF

0 1(4) 3
) _ (k) (w7 28\ _ 3
22~ /md“2sinh(7“) (6 3T 16

oo 1(4) 4 2
-/ (4) tW (k) K* K 1
T\ = LA AP R (SAEAT
38 / ey "\ 21 T 6 32

1 = [t (S 0) e dn i oy = v = 2

—00

These perfectly agree with the formula for the Neumann coefficients of the left gh = 3 states

(] = (0] Spir b (7.4)

where

G0 _ fgﬁ dw 1 1 <%(1+w2 fa(2) + fu(w) 1> 5)

P 0 20 Jo 2mi 2P~ 1 wM+2 14222 fo(2) — folw) z—w
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and

1+ zz) 0 78

1—1z

R = (

The only exception is the insertion of the z matrix in the upper left corner (which, however,
can always be done due to an intrinsic ambiguity of the oscillator formalism, as explained
in section 2.4).

A similar numerical agreement has been checked also for 7G) and higher states. The
reconstruction formula has given us back squeezed states that belong to the same family as
the average three vertex (see section 5). These states however are not surface states with
insertions, which creates problems with BRST invariance (see appendix A and especially
I1I for a discussion of these issues).

7.1 The dual wedge states with Y (i) insertion

In order to get BRST invariant surface states as gh = 3 wedge states we have to change the
integration contour. To this end we follow the recipe of the second part of section 5. That
is we use again (7.1), but redefine the integration contour over the continuous spectrum

T = [ VO W70 = [ V) VO V) (1)

where the subscript ¢ stands for the continuous part of the spectral formula, Cy is the
contour to be specified and the measure is

1 inh (Z&(2 - N
(Vo) = gl S )
2sinh(%*)  2sinh(%*)  sinh (ZEN)

(7.8)

This measure has poles at Kk = :I:% for natural n. If in (7.1) the integration contour is
along the real axis and we move it up, we are bound to meet the first pole at kK = k1 = %.
In (7.7) the contour Cy stretches from —oo to oo in the upper k plane with (k) just
above %. This traps two poles of u(N, k), i.e. the poles at Kk = k] = % and Kk = kg = 0,
lying between this contour and the real axis. Therefore the integral over Cx reduces to
the usual integral along the real axis plus the contributions of clockwise oriented contours

around k = k1 and ko, i.e.

[

(T, = / k(N )V (1) VD () (7.9)

—00

1
—j{ drp(N, R)V,E (R)VS (k) = —j{ drp(N, )V, (R)V (k)
Cry 2 Jey,
where C), and Cj, are small anticlockwise contours around x; and kg, respectively (taking
half of the latter contribution for the reason explained in section 5). Let us write x = %n—i—x
for small z. It is easy to show that near the pole and for N # 2

sin (&) # 0

EQ—N), sin (22) = 0 (7.10)

BI=g|—

2
(N, k) = {iv
TN
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When N = 2 the measure (2, /-c) = 0, as it should be. However, in that case the relevant

measure becomes (2, k) = 2s1T("”) and the poles are at x = 2in, and near them we have

(=D"

(2, ) (7.11)
Returning to N # 2 we have, for instance,
$, ARV V) = e VeV )
4
= 2V )V (k) (7.12)
N
and
s Vv =2 (5 1) VP ) (113)
c

0]

The factor —2¢ in the r.h.s. of this equation, which is absent in the case N = 2, is the
contribution of the pole coming from the first factor in the r.h.s. of (7.10), which is the
measure appearing in the orthogonality relations. We will forget about this additional
factor for the time being and comment about it later on.

Finally

™) _ vy _ 4o (1) _ 2oy

where V® and V(1) stand for the continuous bases evaluated at the corresponding points.
Here are some examples of this formula for N = 4 (the N = 3 coincides with the ghost
vertex Neumann coefficients of section 5)

; .
(2,—1):—52‘:0—1’—%
19 11 1
o=t

B =1T3+0
15 5 5

4,2): ——2 =22

42 —5=16 11"
5i 5i

54): —=04+—+0
(5:4) 1 75 =0+ 75+

This is precisely what is expected for the BRST invariant dual wedge state specified by the
following Neumann coefficients

dw 1
S(l)p]]‘\if) - 7{271'2 }{ omi P~ 1 wMJr? (7.15)
fN 1 <fN(U))>3 1
fa(w )fN( ) — fn(w) \ fn(2) Zz—w

These are surface states with Y'(7) insertion. They are obtained by setting ¢ = 7 in the

appropriate formulas for the Neumann matrix in appendix A.
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In appendix D we show how to reconstruct also T((i\g.

Now let us make a comment about the factor of +i¢ we disregarded above in the r.h.s.
of (7.13). This factor gives rise in the spectral formulas (7.14) to a term proportional to
P = VY (0) Vi(_l)(O) (remember that V,g_l)(O) = 0 for n > 2). Putting everything to-

(N)

gether, the reconstruction formula for T(i) in terms of contour integration is (see also (5.14)
(TN, = dk VO (1)t () VD (k) + Z PN (VS V() = iPum (7.16)
v S(k)> !

where the contour is a straight line from —oo to oo just above the pole at k = %. The
rank 1 matrix P commutes with everything else in the spectral formulas and one would be
tempted to drop it; however this piece will turn out to be godgiven in paper III.

Let us end with a few important remarks.

Remark 1. In functional analysis the spectral formulas for operators are the sums (in-
tegral) of their eigenvalues multiplied by the corresponding eigenprojectors. In (7.14) this
corresponds to the first term, T(N), in the r.h.s. . The other terms in the r.h.s. are still
diagonal and made of eigenprojectors, but the corresponding eigenvalues are infinite and
are replaced by the residues of the relevant poles. This is the real novelty of such formulas.
We call the former part, the genuinely spectral representation, the principal part and the
latter the residual part. With some abuse of language we will keep referring to formulas
like (7.16) as spectral representations, since they are diagonal and contain only informa-
tion about the spectrum. It is important to notice that all the spectral representations
considered in section 5,6 and 7 represent matrices which are completely diagonal in both
the continuous and discrete bases of eigenvectors of the matrix GG. This characterizes all
the ghost number 3 wedge states and marks a sharp difference with the ghost number 0
wedge states, characterized by Neumann matrices which are not completely diagonalizable
in the same bases.

Remark 2. The wedge states we have considered in this section are characterized by
the fact that they can be represented as squeezed states, but only those with Y (+i) inser-
tions are BRST invariant surface states; for the remaining ones the latter properties are
open questions and will be rediscussed in III. However we would like to notice that the
reconstruction formulas and commutativity of their Neumann matrices hold for all of them.

Remark 3. The spectral formulas are much more effective than the analytic methods
from the calculational point of view. In appendix E, where the equation U? = 1 is proved
using the reconstruction formulas, one can find an example of their potential by comparison

with the long derivations of section 2.

8 Conclusion

Let us conclude this paper by recalling the main results we have obtained. The first is the
construction of the ghost number 9 vertices, egs. (1.6), (1.9). The second important result
is the construction of the discrete bases of eigenvectors of G as well as the bi—orthogonality
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and bi-completeness relations (4.15) and (4.17), and the analysis of the highly nontrivial
properties of this spectrum. Then we have completed the argument of I, showing that the
squeezed states appearing in the midterm of (1.2) do satisfy the recursion relations of the
wedge states. The way we have done it is somewhat different from the one envisaged in
I. The idea behind I was that all the involved Neumann matrices could be simultaneously
and completely diagonalized. In this paper we have realized that this is not possible. Not
all the Neumann matrices entering the problem can be completely diagonalized (this will
be evident in IIT). Nevertheless it is still possible to carry out the program started in I. We
have shown that the wedge states recursion relations can be proved for the eigenvalues, and
that on the basis of this knowledge it is possible to reconstruct ghost number 3 Neumann
matrices which can be identified with surface states representing the wedge states expected
as a result of the star product. This is enough to guarantee that the three strings vertex
we have introduced in section 2 does the job, that is by «—multiplying two squeezed states
like the ones in the r.h.s. of (1.2) we obtain in the Lh.s. the wedge state required by the
recursion relation (1.1). What is still missing is how to recover the the ghost number 0
wedge states from the so obtained ghost number 3 states. This task, which is simply the
bpz conjugation in the matter sector, requires a very involved and roundabout treatment
in the ghost sector and will be dealt with in the next paper.
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A Ghost insertions and correlators

The two—point function for a b — ¢ system can take different forms depending on the way
we insert the zero modes to soak the background ghost charge at oo, which is necessary in
order to get a nonvanishing result. A generic way is to define, as in [51, 52|,

L e(2)b(W) >t y.05) = (Ole(2)b(w)e(tr)e(t2)c(t3)[0)

1 3 ti—Z
- Z_wH,,_w(tl—tz)(tl—ts)(tz—tg) (A.1)
i=1"

Another way of inserting the zero modes is by means of the weight 0 operator Y (t) =

%GZC(t)aC(t)C(t)- We have

1 (t—2)?

L e(z)b(w) >=(c(2) b(w) Y (1)) = —— G —wp

(A.2)

In this appendix we would like to study the relation, between the normal ordering in the
b — ¢ correlator and the ordering term in the matrices of Neumann coefficients of the three
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strings vertex. The radial ordering of the b, ¢ fields can be expressed as follows in terms of

the natural normal ordering (::):

R(c(2)b(w)) = c(z)b(w), |z > |w] (A.3)
_ ch[ml Z bwF2 + Z bw 2
n k<—2 k>—1
=:c(z)b(w): + Z TR 2
n>2
=:c(2)b(w) : +z—1w

The same expression is obtained for |z| < |w|.
We can use the above radial ordering in order to get the ordering terms for the Neu-

mann coefficients.

— Vs = - 0
zZ— W Z— W
Uy = .. — —= (A.4)

Z—w

R(c(2)b(w)) = : c(2) b(w) : +

where only the relevant parts are written down.

Now let us consider a ghost surface state determined by a map g(z),
—>c S(g) b
(9] = (0le n2nmom (A.5)

In order to find the matrix S(9) we proceed as follows: using (A.2) we identify (see [4, 39])
up to constant factors

()2 —g\z ’
(gle(z) b(w) Y (t)) = (ggf(z))) g(2) —19(w) (;Jq((tt)) - gg((w))> o

with Y insertion at the generic point t. The wedge states are generated by the well-

known functions

1+z’z>12v

1—1z

o) = avt) = (

If we set the insert Y at t = 0 we get

ST(LgN f{ 271 }{ i =1 W
(gi(2))? 1 L-gv(w))* W
< (9 (w)) gn(2) — gn(w) < 1—gn(2) ) T w)> (A.7)

This is the Neumann matrix for the ghost number 0 wedge states. The others, which

represent gh = 3 states with a Y (+i)—insertion, are just obtained by setting t = =i.
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B Quadratic expressions involving €, U4, and Z

This appendix is devoted to complete the derivation of the fundamental properties of

Neumann coefficients started in section 6.

B.1 Quadratic expressions involving &(;) and U

The product €;)U;) can be carried out as in subsection 2.4.1, forgetting the f factors on
the first matrix. It is easy to see that it leads to

dz 1 dw 1 1 w
(€ Ui)Jom = 7{2—m'zn+1 7{2—m'wm+1 [_ (1 —w 24 w) (1 — iz, —w))

2,2
— (B.1)
* (1 —1zw 2z —?;}w) (1 —pi(—z,w)> ff((:yz))]
= (=€1C + Lss + CUg) )nm
which differs from CU;) only in the zero mode sector. Similarly we can prove that
ECplpy = —€)C + Lss + CU (B.2)
Taking the average of these two we obtain
EUyy = —EC + 155 +C Uy (B.3)
In a similar way
EnUpy = —€@nC + Lss + CUy, (B.4)
and
Exn€i) = — €€ +1ss +CEy (B.5)
Using twist conjugation we finally get
EU =14 (B.6)
Let us now consider U €.
k:zl Wiyt Eoppm = jé 2mi zntl j{ 2mi jé 27 2m merl CHCf 1 (B.7)
Tz~ =) (=m0
. <1 +19w - wu—} 9) <1 —pi(G,w)> -
(B.8)
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Here it is more convenient to integrate first with respect to 8. There are two poles at
0= %, w (the poles at § = +i can be avoided with a regulator). We get

{9 N %} = P i f{ omi | 2mi wm+1 [;8 (1 +1Zg - CE)
(1= pil2,0) (Ciw + 1Ewwg> <1—pi(%,w)) ) BY)

w2 z
i—ljzgc; <1+1z<_cfz>(1_pi(z’o>]

(
+
B dz 1 dw 1 f(2) L w
- fsmmn f i [ ()
'(1 —pi(z,—w)> + 1 _22211)

- (Zi)w —3 _1zw> (1 —pﬂ—z,w))]

= (u(z) c-C 8(1) + ]-ss)nm

{6 = w}

Similarly

U(_i)g(i) = U( ) c-C 8(@ + 1gs
U(i)(o,(l) = ﬂ( ) c-C 8(@') + 1gs (B.10)
U(,Z-)S(z) = (71‘) c-¢C 8@) + 1

from which it is easy to deduce the quadratic relations involving €&.

B.2 Quadratic expressions involving 7

Let us now compute

kz_l Znk Witiykm = 2i zn+1 }{ 2 y{ omi I omi wm+1 -1 (B.11)
2 1 NfO) 1 w )
( B zz —w) f(w) <1 +0w  w —9) <1 _piz’(e,w)> =x (B.12)

Now we proceed as above and the result is

2 16
{C:%} * %27722’"“]427727{27”11)7”“ L—Zzﬁ f((w))<1+19w_wu—}9).

(1= r00.0) 1

B 022 £(0) 1 w
{¢=z} +&z—lf(w) (1+9w_w—9)

-<1 — pii(e,w)) =0

[E—

By twist conjugation ZU; = 0.
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The calculation of Z€; is similar but simpler (no f factor) and the conclusion is the
same: ZEp; = 0.
Consider now U Z

i Jhom = o B.14
k_zl Weiynk Ziem jé 27rg Zn 1 j{ 2mi jé 2mi 2m wm+1 o—1 ( )

%(lec ) (- ne0)

2
(-2~

Here it is more convenient to integrate first with respect to 8. There are two poles at

0 = %,w
_ 1 _ J)
{ B Z} =7 om z"“%?m 2772 wm+1 [ )
'(1+z< g_z> p’”)( wg21—gw> (B.15)
B Cw? f (2) 1 '
0= wl w—lfC)< +z< ‘= ><1_pl(z’<)>}
1 (2)
%2711 ] o 2772 wm+1 7O
¢
(% <o) eeo)(- gz<1+w<+w<>)=**
This gives
 [dz 1 dw 1 1 d? (2)
= fam f v (s [0
1 ¢ 1
(5 ) - p=0) (- a<1+w<+w2<2>)Lo
+ i(1—|—11):<H—u;222)}
wz
 [dz 1 dw 1 f(z) Pi(z,w) 1
=) 2mi 2t 2w wm ] < 2w 9(z —1)? +—+1+wz> (B-16)
where

Pi(z,w) = 94 72% 4+ 92% + 6i2(1 — 2%) + 3wz (3 — 32% + 2i2) + Jw?2? (B.17)

Pi(z,w) is a polynomial of fourth order in z and second order in w. Therefore the U2
matrix vanishes except for the first three columns.
The result for ﬂ(i)Z is the same with the substitution P, — P_;,

P_i(z,w) = 9+ 30iz — 412% — 30i2® + 92* + w(9z + 30i2% — 923) + 9uw?2?  (B.18)
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The calculation for €(;) Z is similar but simpler and the conclusion is

dz 1 dw 1 1 Qi(z,w)
END ) pm = — P — —+1 B.19
€mZ) j{ 2mi 2t [ 2 wmtl <zw (z —1)? + + * wz) ( )

where
Qi(z,w) = 14 2iz — 2% — 2i2% + 2% + w(z + 2i2% — 2%) + w?2? (B.20)

Qi(z,w) is a polynomial of fourth order in z and second order in w. The &) Z matrix
vanishes except for the first three columns. By twist conjugation one gets &_; Z.

It is easy to see that Z2 = 0.

In the sequel we will need more explicit expressions for the r.h.s. of (B.16) and (B.19).
To this end let us compute Uy, ; for —1 <4 <1 in a more explicit form

= fa i (LB (- ) a2 L)
N 2mzn1+1 < (jf_(zgz —Z> (B.21)

In this calculation only the pole at w = 0 matters, while the pole at w = 2z has a vanishing

residue. Similarly
1 (f(») 1 w z¢ 1
j{ omi | 2mi z"+1 w (f(w) <1 fow  w— z> (1= pizw) - w z —w>
dz f(z) d 1 w
B jé 27 2" dw (w f(_w)<1 +ow  w-— z) (1 —p,(z,w))) w0

—3 — 2iz + 377
j{ 2mi z”“ < (2) 3(z—10)2 1> (B-22)
Finally
dz f(z) 1 w 2 1
el _ 1—pilz, _z
?4277%27”2'"“?1}2 <f(w)<1+zw w—z)( pilz;w) wz—w
dz f 1 d? 1 w 1
- —_ —_ 1—pi(z, _ -
f{2m n+l [2dw2 <wf( w)(l—{—zw w—z>( pilz w))>w0 z}
94722+ 924 +6iz(1 —22) 1
— - - B.23
jé 271 z"+1 < /) 92(z — 1)? z> (B:23)
Comparing these expressions with (B.16) and (B.17) it is evident that
Uiy ni = —Uiyn—is e (Ui Z)ni = —Un,—i (B.24)
As for ﬂ(i), we have
—  [dz 1 zf(—2)
U(i)"ﬁl - O 21 <_ (z —i)2 o Z> (B.25)
- dz 1 —9 — 30iz + 92
= — — -1 B.2
U(z)n,O f 97 2+l (f( Z) 9(2 — Z)Q ) ( 6)
- dz 1 —9 — 30iz + 4127 + 30iz® — 92* 1
U(i)n,l = y{ % o+l <f(—Z) 92(2 — i)2 - ;> (B.27)
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Therefore

(u(z)Z)n,Z - _U(i)n,—i7 i.e. (ﬁ(z)Z)n,l = —(7”7_2‘ (B28)
On the other hand it is even easier to prove that

1 w 22 1
Fon ) ey -2
(@)n,—1 y{2m%2mz"+1[ 1420 w—2z (1= pilz,w) wz—w
z

]é 211 % 271 zn"rl <_ z _ i)2 - Z) = E(i)n,l (B.29)

E(iyno =0

Comparing with the r.h.s. of (B.19) and the expression for Q;(z,w) we can conclude that
(&) ZIna = €6y ZIn—1 = —Eiyng = —Eipn,—1, (€@ Z)no =0 (B.30)
i.e.
(Bw) Z)ng = (B Z)n—1 = —Eiyn1 = —Ein,-1, (E@) Z)no =0 (B.31)
Analogously one can show that

(EZ)yy=(EZ)p,—1=—Ep1=—FE, 1, (EZ)pno=0 (B.32)

For future use we record also
En,O =0
Eong = Eop—1=0 (B.33)
E2n+1,1 = E2n+1,—1 = (_1)n(2n + 1)

C The eigenvalues of T,,

The explicit form of the squeezed states in the midterm of (1.2) was derived from the Lh.s.
of the same equation in I. It required solving the equation we dubbed KP, [48]. The latter

arises from writing

et(llég)JrEég)T) (CMAMn nJFC]uCMNbNerJr D cn— cmBmNbN> (Cl)

=€

711

where t = =5*,

and equating this to

o1(t) T a(t)bT ety ()b bT8(t)e LB (1) (C.2)
The matrix o and the parameter 7, in particular, must satisfy
a=A+Ca+aDl +aBa (C.3)

and

n=-Tr(B,«) (C4)
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In I we solved this equation. However, for reasons explained later on, we will proceed here
in a different way. Instead of solving (C.3) and then diagonalizing the solution, we will
diagonalize (C.3) and then solve the equation for the eigenvalues. Therefore our first task
is to find the eigenvalues of the various matrices appearing in (C.3). In I we showed that
A, DT and (DT)? — BA are diagonal in the continuous weight 2 basis and computed the
explicit eigenvalues. The analysis below will confirm this.

C.1 Revisiting I

This subsection is devoted to re—deriving the solution to the KP equation with respect to
I. The reason for it is the following. In I we used the following ‘commutation rules’ for

lame matrices:

ADT =CA (C.5)
and

BC=DTB (C.6)

The latter has to be qualified. It is true except for the terms
3

(BC — D'B)yg = —5772, (BC — D'B)3 4 = —3r? (C.7)
Therefore in the sequel, differently from I, we will not use eq. (C.6). We will only use (C.5).
But, of course, we have to change the strategy with respect to I. Instead of solving (C.3)
and then diagonalizing it, we will first diagonalize (C.3) and then solve for its eigenvalues.
Let us start from eq. (C.3) with the initial condition «(0) = 0. The solution to (C.4) is
obvious once we know a(t). Let us make the following ansatz for «(t)

ar(t) = AQ:(t) (C.8)
Using (C.5) we get
AQ =A(1+DTQ+Q:DT +Q1BAQ) (C.9)
It is obvious that, if Q; satisfies
Q1=1+DTQ1+ QD" + Q1BAQ, (C.10)

with Q1(0) = 0, o will satisfy (C.3).

Next we wish to solve (C.10) for the continuous eigenvalues of the matrix Q1(t). We
have recalled above that the matrix DT is diagonal in the V() (k) basis, with eigenvalue
¢(k) and that (DT)? — BA is also diagonal. This means that BA itself is diagonal in the
same basis. Looking at (C.10) we see that since the solution Q(¢) will be a function of DT
and BA it will also be diagonal in the same basis. So in (C.10) we can replace the matrices
with their eigenvalues. At this point solving the equation is elementary.

sinh < (D)2 = BAt>

Q1(t) = (C.11)

(DT)2 — BA cosh ( (DT)2 — BA t> — DT sinh < (DT)2 — BA t)
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where, for economy of notation, we assume that the matrices represent their continuous
eigenvalues. Since A is also diagonal on the V(Q)(/-@) basis, we can mutiply this solution by

its eigenvalue and get
ay(t) = AQ(t) (C.12)

for the corresponding continuous eigenvalues. Now from the continuous eigenvalues of
A, BA and DT we can construct the continuous eigenvalue of a4 (¢). This has already been
done in I, and the result, t;(x), is that reported in eq. (5.3).

C.2 The discrete eigenvalues

Coming now to the discrete eigenvalues we would like to be able to write
VED(©a(t) = 4Vl (©) (C.13)
or
a(t) V(&) = u(© VP (9, (C.14)

calculate the explicit expression of t,(£) and justify our final statements t,,(+2i) = 1 and
t, (£ =0) = —1, egs. (C.33) and (C.34). But if we apply the previous matrices to the dis-
crete eigenvectors of G we immediately run into difficulties. If we use the same ansatz (C.8)
and eq. (C.10) we see that, for instance, DT has identically vanishing eigenvalues in the
V(*l)(f) basis. This is a consequence of the singular nature of the discrete eigenvalues
of the A, B,C, D matrices, which creates serious problems when we try to compute the
corresponding discrete eigenvalues of the wedge states by integrating the KP equation.
These problems will be understood in the next paper, when we will be able to produce
the reconstruction formula for the ghost number 0 wedge states. For the time being we
proceed blindly in search of these eigenvalues.

As a preliminary step let us apply C from the right to the discrete basis V(=1 (¢) =
(V_(Il)(g), 0(_1)(5), ...). We get, for £ =0,

(VED(©0)C)y = Crn+ Cotp = —A 1 — A1y =0 (C.15)
while for £ = £21,
(VED(£2i) C)yy = Crp — C1.y £2iCo = —A 1+ Arp F 2400
= lim <i% VD (+2i + x)) (C.16)

for n > 2. Therefore we can write
VD) C), = lim (5 VD¢ + x)) (C.17)
x
but

(VEYE© o) =evtEe=o) (C.18)
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In summary we have the eigenvalue equation

w*ﬂ@ﬂnN:h%<§m$”@+x0, N>-1 (C.19)
r— X

for £ = 0, but we have to get along with (C.17), (C.18) for £ # 0. To give a meaning
to (C.19) we agree that the eigenvalue £ = 0 will be represented by a small number ¢, and
that the latter will be sent to 0 at the end of the calculations.

Likewise we get

VEDO)A)py = A1+ A 1, =0 (C.20)
and
(VED(£2i) A), = Ay — A1 + 2040, = lim <:F% VD (£2i + x)> (C.21)
Summarizing
(VED(£2i) A),, = il—% (:F% VD (£2i + 36)) , n>2 (C.22)
(V“W@A%:xggw<§WfW§+m>:O,n22 (C.23)
(VEDE© A)i =0, —1<i<1 (C.24)

In (C.23) the limits have to be taken in such a way that the result be 0, so, as above, we
introduce a regulator € to represent the eigenvalue &€ = 0. Notice that lim,_.q Vrf_l) (E+x) =
0 for n > 2, while lim,_.o Vi(_l)(g +x) = Vl-(_l)(f) and that V,g_l)@ +x) for n > —1is
bi-orthogonal to both v, (&) and Vn(Q)(/-@) in the limit © — 0.

Apart  from  the  eigenvalue  equation  (C.19), the above equa-
tions (C.17), (C.18), (C.22), (C.23), (C.24) represent ‘almost’ eigenvalue equations. They
will be used to compute the discrete eigenvalues of the wedge state Neumann matrices.

In T we proved, eq. (5.19), that A = C? — AB is diagonal in the continuous basis
V(=D(k). Tt is easy to prove that it is diagonal also in the discrete basis, using (4.21) of L.

For instance it is elementary to prove that

> VED0)ARe =0

n=-—1

> VED0) AL =0

n=-—1

S V@A = -2V (2i)

n——

> vEDE)AL =~V (2i)

n=-—1

So we can write

S VIO Awm = V() (C.25)
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Thanks to these results, we set out to compute the discrete eigenvalues of the wedge state
Neumann matrices.
We make a new ansatz for the solution to the KP equation

a(t) = Q2(t)A (C.26)
Using (C.5) we get
QA= (1+ Q20+ CQy+Q2ABQ2)A (C.27)
It is obvious that, if Qy satisfics
Qs =1+QC+C Qs+ QrABQ, (C.28)

with Q2(0) = 0, az will satisfy (C.3). Now, let us remember that C and C? — AB are
diagonal in the V(_l)(g) basis as far as the £ = € — 0 eigenvalue is concerned. Arguing
as before we can conclude that also AB is diagonal. Proceeding from now on for this

single eigenvalue, we can replace the matrices in (C.28) with their discrete eigenvalues.
The solution to (C.28) is

sinh (mt)
VCZ — AB cosh (m t) — C'sinh (m t>

where the matrix symbols have to be understood as representing the corresponding discrete

Qa(t) = (C.29)

eigenvalues. Now remember that A is also diagonal in the same basis. Therefore
sinh (\/ C?2 - AB t)
VC” = AB cosh (VC? = ABt) — Csinh (VC? = AB)

az(t) = A (C.30)

The multiplication by (the eigenvalue of) A requires a specification. In fact applying the
equation (C.27) from the right to V(=1 everything is all right as far as the last A factor
on the right. When applying this to V(=1 the first three entries on the r.h.s. of (C.27) get
cut out.

At this point however we can apply a remark similar to the one made in section 2.4. An
expression like N ENm (O iy (1.2) manifests an ambiguity when applied to |0). We could
add any term that is killed by |0). This is the case if we consider : A UL
|0), for

. ec:.rnjb;—f—c;r\,de(t)bin £ 10) = ec}LV&Nm(t)bIn|0>

for any 3 x 3 matrix 7. We therefore take advantage of this ambiguity by adding to as(t)
an upper left 3 x 3 non zero matrix that solves the problem. The latter is constructed as
follows. Let us denote by () the discrete eigenvalues of as(t), then the 3 x 3 matrix we
are looking for will be

d3xs(t) = D V() (&) VIV (&) (C.31)
£
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where V() (€) is V(2 (€) limited to the first three entries. By adding this matrix to as(t)
now we recreate the missing entries in the r.h.s. of (C.13). Setting o/ (t) = aa(t) + asx3(t)
we can now write

VD) = (v (C.32)

We are now in the condition to compute the discrete eigenvalue of asq(t) for & = 0. We
insert the corresponding discrete eigenvalue of A, C, A calculated above. eq. (C.30) become
rather singular and some care has to be used: one must take x — 0 with & = € first. As one
can see the eigenvalue of A and C' explode and the first term in the denominator of (C.30)

becomes irrelevant. Since A and C have the same eigenvalue the result is
th({=0)=-1 (C.33)

We notice that this result is not affected by the limit ¢ — 0.

As for £ # 0, try as we may, we cannot repeat the same derivation. The reason for
these failures will be understood in the next paper, when it will become clear that the
Neumann matrices for ghost number 0 wedge states are not diagonal in the V(*l)(§) bases
with & # 0. However these eigenvalues are important for the ghost number 3 states. Since
the continuous eigenvalue formula (5.3) evaluated at £ = +2i gives an unambiguous result
(keep t generic and use standard trigonometric identities):

b (£2) = 1 (C.34)

it logical to try this. As we have shown in section 5,6 and 7 this turns out to be the
correct value.

Finally, let us remark that, inserting these values in (C.31), we find once again
the matrix

0 0-1
—-10 0

Let us also remark an important feature of the addition of the matrix z. The way we
implement it is by adjoining it to the matrix A, i.e. A — A’ = A+ 2. Looking at eq. (C.27)
we notice that A’B = AB, therefore the matrix z disappears from the equation for Q. It
appears only in the last step when we reconstruct the solution ay = Q2A’.

D Other reconstructions
D.1 Reconstruction of X(ji[)
In this section, we deal with the reconstruction of the matrices X (‘;) = C‘A/g and
X (;) = CVé; The process of reconstructing these matrices runs analogously to the one of
reconstructing X(;), just with some slight differences. The first of them is that, in this case,

,52,



the discrete spectrum does not contribute, hence we have just to consider the continuous
part of the spectrum

Xm = / di 1 F(R)VD (k) (R), pt (k) = —(1+e*72 ) pu(x) (D.1)
C1

where (' is a straight contour from —oo to +oo with % < (k) < 2. Note that for off—
diagonal Neumann coefficients there is no need to correct the contour shifting with the
universal nilpotent P, discussed in section 7.1. If we move the upper contour toward the
real axis we are bound to meet two poles of the measure, one at Kk = k1 = % and another at
k = ko = 0. So finally we obtain the usual integral along the real axis (which corresponds
to X*) plus two contributions from the two poles that remain trapped inside the contour.
The latter are clockwise oriented, so we have to change the sign when calculating the
residues. We have then

X = X = P i (V2 (VS0
R1=%
. 7{ EIRCGCIGICIE® (D.2)
This gives us finally
X = Xom — %V,@ O)VED(0) + %(1 +ivV3)V,? <%> 1A (%) (D.3)
Now, let us see some examples:
X0 = 2—? —0— —(1 +iV3) = —2—7(1 + 3iV/3)
Xt 1= %—%—g( z‘+\/§)——3%
X0 = %—0 ;7( i+V3) = 243( 9i 4+ 11V/3)
X5 = % —0+ 2312807( +iV3) = 19683(203+45zf)
and
X0 = ;—g —0+ gz(z +V3) = 87(—1 + 3iv/3)
@ :—%—%—F (i+V3) = 3\f
Xy = —% —0- Z’—i(z’ +3) = —2?:1—3(92 +11V3)
Xiss = % —0+ %(1 —iV3) = 1966483(203 45iV/3)

These results agree perfectly with the ones computed directly using (1.6) (multiplied by C
to give the corresponding X’s).
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D.2 Reconstruction of X(i_i)

= 0‘7(1_2i) and X(__i)
different prescription than the one used above. This prescription can be inferred from the

fact that X(Jr_i) = CX(;)C and X(_i) = CX(JZT)C. We should use then

- /c dre T (VD (VD (R), 1T (8) = —(1 467 )p(x)

In order to reconstruct X (+_ 9 = 6‘7(2—11‘)7 it is clear that we should use a

(D.4)

(—=i)nm
where Cy is a straight contour from —oo to +o0o with —2 < (k) < —%. If we move the
lower contour toward the real axis we are bound to meet two poles of the measure, one at

Ii—lil——%

and another at kK = kg = 0. So finally we obtain the usual integral along
the real axis (which corresponds to X*) plus two contributions from the two poles that
remain trapped inside the contour. The latter are anticlockwise oriented this time, so we

do not have to change the sign when calculating the residues. We then have

This gives us finally

(—=i)nm

— X+ FVROVE0 - FaFivave (-5

Let us check some components:

16 8
X == — 1
Cipo = 37 +0+ 92(2+ \/’) 27( —1—31\/—)
2 2
Xt = +v3
(=1)2,—-1 3\/— ( 3) = 3\/_
64
X .. =——=40 9 + 11
(—1%)3,0 81\/_ + + ( + \/_) 243( 1+ \/_)
10112 320 64
Xt == 21— 2 4
(=133 19683 2187( iv3) = 19683( 03 —45iV3)
and
_ 16 8 \/— \/—
X Zi20 _7+0_§(1+Z 3) = 7(1+31 3)
B 2 21
X(ﬂ.)2771 3\/_ ( Z—i-\/_) \/g
X —ﬂJr 3( +V3) = = (-9i + 11V3)
(~1)3,0 813 27! 243 '
10112 320
X = 1 203 + 45
Cins = Togas T Ot a1gr(L+IV3) = qogaz (208 + 45iV3)

These results perfectly agree with the ones computed directly using (1.7) (multiplied by C

to get the corresponding X’s).
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D.3 Reconstruction of T((i\g

Analogously to the reconstruction of T((i])v), we must choose a contour to compute the

(=)

contribution of the continuous spectrum. In this case, we should choose a contour C
which stretches from —oo to oo with (k) just below —%. When we move the contour up
toward the real axis, we get two contributions coming from the poles at kg = 0 (actually,
half of it) and x; = —%, that is

T = / Ak p(N, )V RV () + P
s
= [k s VGV + § de w9V V(0
K1

4= }[ di (N, &)V () VD (k) + 0Py, (D.7)
RO

where p(N, k) was defined in (7.8). The first term is just 7, ) and computing the residues

we get

(N)  _ () L 2@ gy (D) Yoo (B ey (4
T = T + SV OV (0) + SV ~ ) Vi N (D.8)

Here are some examples for N =4

T, =0+ % +i= %
T, = % 40+ % = 1—2
T((fi)472 — 15—6 +0— Z = —%
T((ﬂ.m —040— f—é = —f—é

This agrees precisely with the components of the dual wedge state with Neumann coeffi-
cients (one should multiply it by C, since T((i\g =CS ((]_Vi)))

o= f e e L LRG|
(=Dpym 0 2mi Jo 2mi 2P~ wMH2 | fl(w) fn(z) — fnv(w)  z—w
From (D.8) we see that T((ivi)) = CT((i])V)C , as expected.

E A simple proof of UyU(_;) =1

From the argument of the path shifting it is obvious that the twisted matrices of the vertices
will commute between themselves. But it is instructive to see this directly using our usual

U? =1 argument.
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Let us start by tracing back the U matrices. The relevant Neumann coefficients are

defined by

(Viol = (VAIY () = (0] e~% Vi (©.1)
1St 5
o) 75 - Fw) \f5()) 7w

= 7 u) - 3 (@A ) + 3D W)

3

V¥ (z,w) =

(2

_ VR) @)y p(-1) ;
= /gfoz_31 P () fy 7 (w), Only in the bulk (E.2)

where &3 = %.
From now on, for simplicity, we focus on the bulk. This allows to discard the xk = 0
contribution and concentrate on the rest. The vertex is not twist invariant but still it is

cyclic, so we can write (only bulk)
TS 1 s—r r—ST7
Vi) = §(E(i) + « U(i) + « U(i)) (E.3)

From the explicit reconstruction formula presented in the main text, we can see that (in
the bulk) the only difference wrt the average vertex is in the matrix U(i) (the bulk-residual
contribution is proportional to o"~*). So, using a subscript ”¢” for principal parts, we have

(we inaugurate a ‘bra—ket’ notation
) = VO (2), (] = V()

Eg =¢C

Up =Uo=U

4

Uy = Uo — 3| = &){&l =cUC =B, (E4)

It is easy to see that the commutation of twisted bulk matrices (CV(’Z')S ) will work iff
CU»CUzy — CU;»CU ) = (CUCU — CUCU) — (CUCH — CHCU) = 0.

Since we know that U? = U? = 1, we only have to prove that CUCS — CACU. We can
actually do better: we can prove that

CUCB =CpCU =0, (E.5)
which means
CU [&3) =0, (&l1CU =0 (E.6)

It takes a line to compute this quantities using reconstruction formulas. We have indeed

CU = /RL u(k)|k) (K] (E.7)

2sinh%
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The CU eigenvalue can be computed from the known eigenvalues of X" and it turns out
to be

m(k—&) 1) sinh T (E8)

11 ~ 12 21
u(k) = (k) + az (k) + az”' (k) (cos 5 S

Here we come to the point: w eigenvalues are vanishing at k = %, while they are divergent

— _ 4
at Kk = 3

u(&3) =0, u(—&3) = oo.

So, in the k-UHP, there are no poles and the delta functions will work without producing
any divergence

CU&3) = u(&3)[83) =0, (&ICU = u(&3)(&s] =0 (E.9)
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